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Intro. Main Thm. pf of Thm. evol. p-Laplace eq. Barenblatt sol. weak sol. Problem

evolutional p-Laplace equation

evolutional p-Laplace equation{
∂tu − div(|∇u|p−2∇u) = div f, t > 0, x ∈ Rn,

u(0, x) = u0(x), x ∈ Rn.
(p-P)

f = (f1(t, x), . . . , fn(t, x)): given, p > 2.

− div(|∇u|p−2∇u) : p-Laplace operator (1st variation of 1
p
‖∇u‖pp)

∵
d

dε
‖∇(u + εφ)‖pp

∣∣∣
ε=0

= p

∫
|∇u|p−2∇u · ∇φdx

= −p

∫
div(|∇u|p−2∇u)φdx

p = 2 : uniformly parabolic (heat equations)
p > 2 : degenerate parabolic (|∇u| = 0 ⇒ |∇u|p−2 = 0)
p < 2 : singular parabolic (|∇u| = 0 ⇒ |∇u|p−2 = ∞)
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Intro. Main Thm. pf of Thm. evol. p-Laplace eq. Barenblatt sol. weak sol. Problem

Barenblatt solution

∂tu − div(|∇u|p−2∇u) = div f, t > 0, x ∈ Rn, (p-P)

The Barenblatt solution f ≡ 0

Bp(t, x) =
1

(1 + σt)
n
σ

A −
p − 2

p

(
|x|

(1 + σt)
1
σ

) p
p−1


p−1
p−2

+

where σ = n(p − 2) + p, A > 0.
+

x

Bp(t, x)

p = 6, A = 1

not twice differentiable

self-similar solution

Masashi Mizuno (Hokkaido University) Hölder reg. for evol. p-Laplace eq. 17 November, 2011 3 / 12



Intro. Main Thm. pf of Thm. evol. p-Laplace eq. Barenblatt sol. weak sol. Problem

weak solution

evolutional p-Laplace equation{
∂tu − div(|∇u|p−2∇u) = div f, t > 0, x ∈ Rn,

u(0, x) = u0(x), x ∈ Rn.
(p-P)

.
Definition (weak solution)
..

.

u: weak solution of (p-P) ⇐⇒
def

T > 0 s.t.

u ∈ L∞(0, T ; L2(Rn)) and ∇u ∈ Lp((0, T ) × Rn)

For φ ∈ C1(0, T ;C1
0(R

n)) and for almost all 0 < t < T ,

∫
Rn

u(t)φ(t) dx +

∫ t

0

∫
Rn

(−u∂tφ + |∇u|p−2(∇u · ∇φ)) dxdτ

=

∫
Rn

u0φ(0) dx −
∫ t

0

∫
Rn

(f · ∇φ) dxdτ.
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Intro. Main Thm. pf of Thm. evol. p-Laplace eq. Barenblatt sol. weak sol. Problem

Problem and Motivation

∂tu − div(|∇u|p−2∇u) = div f, t > 0, x ∈ Rn, (p-P)

.
Problem..

.

Derive Hölder continuity of ∇u, namely

|∇u(t, x) − ∇u(s, y)| ≤ C(|t − s|
γ
2 + |x − y|γ).

Motivation n = 1, v := ∂xu

=⇒ ∂tv − ∂2
x(|v|

p−2v) = ∂x(∂xf). (porous medium equation)

2

r
+

n

q
< 1, ‖∂xf‖Lr

tL
q
x
:=

(∫ (∫
|∂xf |q dx

) r
q

dt

)1
q

< ∞

=⇒ v: Hölder continuous
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Intro. Main Thm. pf of Thm. Main Thm. Rem. for Thm. scaling argument

Known Results and Main Theorem

∂tu − div(|∇u|p−2∇u) = div f, t > 0, x ∈ Rn. (p-P)

Known Results
DiBenedetto-Friedman (’85), Wiegner (’86)

f ≡ 0 =⇒ ∇u : Hölder continuous

Misawa (’02)

f : Hölder continuous with respect to (t, x)

=⇒ ∇u : Hölder continuous

.
Theorem..

.
2
r
+ n

q
< 1, ∇f ∈ Lr(0,∞ ; Lq(Rn)) =⇒ ∇u: Hölder continuous.
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Intro. Main Thm. pf of Thm. Main Thm. Rem. for Thm. scaling argument

Remark for Main Theorem

∂tu − div(|∇u|p−2∇u) = div f, t > 0, x ∈ Rn. (p-P)

.
Theorem (Before mentioned)
..

.
2
r
+ n

q
< 1, ∇f ∈ Lr(0,∞ ; Lq(Rn)) =⇒ ∇u: Hölder continuous.

Let 2
r
+ n

q
< 1, ∇f ∈ Lr

tL
q
x. Then

f is Hölder continuous to x (∵ q > n and Sobolev inequality)
f needs not to be continuous to t.

.
example for the external force
..
.f(t, x) = f0(t)x for some f0 ∈ Lr(0,∞), r > 2

.
conclusion..

.
When f is singular with respect to t, we may cancel the singularity by
the smoothness with respect to x.
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Intro. Main Thm. pf of Thm. Main Thm. Rem. for Thm. scaling argument

scaling argument

∂tu − div(|∇u|p−2∇u) = div f, t > 0, x ∈ Rn. (p-P)

.
Theorem (Before mentioned)
..

.
2
r
+ n

q
< 1, ∇f ∈ Lr(0,∞ ; Lq(Rn)) =⇒ ∇u: Hölder continuous.

0 < ρ � 1, t = ρ2s, y = ρx, (∇y = ρ∇x)

uρ(s, y) =
1

ρ
u(t, x), fρ(s, y) = f(t, x)

=⇒ ∂suρ − divy(|∇yuρ|p−2∇yuρ) = divy fρ, ∇xu = ∇yuρ

‖∇yfρ‖Lr
sL

q
y
= ρ

1−2
r
−n

q ‖∇xf‖Lr
tL

q
x

1 −
2

r
−

n

q
> 0 ⇔

2

r
+

n

q
< 1 ⇒ perturbation is small
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Intro. Main Thm. pf of Thm. Campanato cond. Ref. eq. pf of Lem. pf of Thm.

Integral condition of Hölder continuity(Campanato condition)

Notation
BR := {x ∈ Rn : |x| < R}, QR := (−R2, 0) × BR

The Campanato condition

|∇u(t, x) − ∇u(s, y)| ≤ C(|t − s|
γ
2 + |x − y|γ)

⇐⇒
equiv.

∫∫
QR

|∇u − (∇u)QR|p dxdt ≤ CRn+2+pγ

where (∇u)QR =
1

|QR|

∫∫
QR

∇udxdt.

∵
∫∫

QR

|∇u − (∇u)QR|p dxdt

≤
∫∫

QR

∣∣∣∣ 1

|QR|

∫∫
QR

|∇u(t, x) − ∇u(s, y)| dsdy
∣∣∣∣p dxdt

≤ CRn+2+pγ.
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Intro. Main Thm. pf of Thm. Campanato cond. Ref. eq. pf of Lem. pf of Thm.

Reference equation

∂tu − div(|∇u|p−2∇u) = div f, QR. (p-P)

Reference equation

x

t

∂PQR

QR

{
∂tv − div(|∇v|p−2∇v) = 0, in QR,

v = u, on ∂PQR

(RE)
∂PQR = {−R2} × BR ∪ (−R2, 0) × ∂BR

.
Lemma..

.

∃C = C(n, p) > 0 s.t.∫∫
QR

|∇u − ∇v|p dxdt ≤ C‖∇f‖
p

p−1

Lr
tL

q
x
R

n+2+ p
p−1

(1−n
q
−2

r
)
.
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Intro. Main Thm. pf of Thm. Campanato cond. Ref. eq. pf of Lem. pf of Thm.

proof of Lemma

∂tu − div(|∇u|p−2∇u) = div f = div(f − (f(t))BR) in QR. (p-P)

∂tv − div(|∇v|p−2∇v) = 0 in QR, (RE)
v = u on ∂PQR

Consider
∫∫

QR

((p-P) − (RE))(u − v) dxdt

C0

∫∫
|∇u − ∇v|p dxdt

≤
∫∫

(|∇u|p−2∇u − |∇v|p−2∇v) · (∇u − ∇v) dxdt

≤ −
∫∫

(f − (f(t))BR) · (∇u − ∇v) dxdt

≤
C0

2

∫∫
|∇u − ∇v|p dxdt + C

∫∫
|f − (f(t))BR|

p
p−1 dxdt
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Intro. Main Thm. pf of Thm. Campanato cond. Ref. eq. pf of Lem. pf of Thm.

proof of Theorem

By the Poincare inequality and the Young inequality,∫∫
|∇u − ∇v|p dxdt ≤ C

∫∫
|f − (f(t))BR|

p
p−1 dxdt

≤ C‖∇f‖
p

p−1

Lr
tL

q
x
R

n+2+ p
p−1

(1−n
q
−2

r
)
.

∴
∫∫

QR

|∇u − (∇u)QR|p dxdt ≤ C

(∫∫
QR

|∇u − ∇v|p dxdt

+

∫∫
QR

|∇v − (∇v)QR|p dxdt

+

∫∫
QR

|(∇v)QR − (∇u)QR|p dxdt
)

≤ CRn+2+pγ

for some γ > 0 =⇒ ∇u is Hölder continuous
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