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ABSTRACT. We consider the following nonlinear parabolic equation
{ Oiu— Au+ L(VuP—1) =0, (t,2) € (0,00) x R,
€

uw(0,z) = up(z), = e€R",

(#)

which is derived by Goto-K. Ishii-Ogawa [6] to show the convergence of some numerical
algorithm for the motion by mean curvature. They assumed that the solution of (#) is
enough regular. In this paper, we study the regularity of solutions of (#) from the Har-
nack estimate. We show the explicit dependence of a constant in the Harnack inequality
using the De Giorgi-Nash-Moser method. We employ the Cole-Hopf transform to treat
the nonlinear term.

1. INTRODUCTION AND MAIN RESULT
We consider the following nonlinear parabolic equation:
" {&u—Aqug(Wu\z—l) —0, (t.z)e (0,00) xR,
u(0,2) = up(x), = e€R",

where u(t,z) is the unknown function, uy(z) is a given initial data and € > 0 is a small
parameter.

To compute the motion by mean curvature, Bence, Merriman and Osher [3] proposed a
numerical algorithm which is called B-M-O algorithm, based on a simple procedure using
a solution of heat equations. There are some mathematical justifications and extensions
of the B-M-O algorithm given by Evans [4], Barles-Georgelin [2], H. Ishii [7] and H. Ishii-
K.Ishii [8]. Considering the B-M-O algorithm, Goto-K.Ishii-Ogawa [6] introduced the
singular limiting problem (1.1) of the nonlinear parabolic equation. Moreover, Goto-
K. Ishii-Ogawa gave another proof of the convergence of the B-M-O algorithm and a
solution u of the limiting problem (1.1) satisfies the level set equation of the motion by
mean curvature:

~ 1

This problem (1.1) is similar to a singular limiting problem of the Allen-Cahn equation
and the behavior of a solution of limiting problem (1.1) might be singular as ¢ — 0. In
general, it is difficult to obtain the regularity of the solution of the limiting problem (1.2).
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Besides, the regularity of the limiting problem (1.1) is related to a convergence of the
B-M-O algorithm. Hence, it is important to study the regularity of a solution of (1.1)
depending on the parameter € > 0.

We note the existence of a solution of (1.1). Let A. = A+ 1 with a domain D(A.) =
H?(R") and e is a semigroup generated by A. on R™.

Definition 1.1. We call u = u(t,z) a mild solution of (1.1) if there exists 7' > 0 such
that u satisfies the integral equation:

1 t
(1.3) u(t,2) = e ug(x) — - / =)y (7, ) [Vau(r, 2)|2 dr
0

forall 0 <t <T.
The existence of a mild solution of (1.1) is as follows.

Proposition 1.2. Let 1 < p,r < oo be satisfying
11 1 1 2
,

Pt
For any initial data uy € LP(R™) with Vug € L"™(R"), we take T > 0 enough small such
that

<1

3 n{l 1 1
0< TI_W(HU/OHLP(RH) + HVUO| %7'(Rn)) < 1, 43g <=-,7== <]—? —+ —) + —.

2 2 r) 2
Then, there exists a unique mild solution of (1.3) such that w € L*(0,T; L*(R"™)) and
Vu e L>*(0,T; L"(R")).

We will show the proof of Proposition 1.2 in Appendix A.

In Proposition 1.2, we can obtain that the solution u is Hélder continuous in the spacial
variable by the Sobolev embedding. Moreover, using the maximal regularity of heat
equations, we find that the solution u is smooth in (0,7"). However it is not clear how the
regularity of the solution depends on the parameter ¢ > 0.

To study the regularity, we consider the Hélder estimate of a solution of (1.1). It is
well known that the Harnack inequality gives the interior Holder continuity for a solution
of parabolic equations. The Harnack constant, the constant in the Harnack inequality,
is related to the Holder exponent of the solution, hence we can regard that the Harnack
constant has some information of regularity of solutions of (1.1). Now, we study explicit
dependence on the parameter € > 0 of the Harnack constant for a nonnegative solution
of (1.1) and state our main theorem.

Theorem 1.3 (The Harnack inequality). Let u. be a nonnegative mild solution of (1.1)
on (0,8T) x Byr and 0 < & < 1. Suppose that 0 < u. < M for some M > 0. Then we
have
sup  u. < CM exp <Q) inf .,
(T,2T)x Bg € ) (TT,8T)xBg
where the constant C' depends on n, T, R and the constant 6 depends on n, M.

The basic strategy to prove theorem is to use the De Giorgi-Nash-Moser method. For a
parabolic equation, Moser [11] showed the Harnack inequality and it is well-known that his
method can be extended to a nonlinear case. However we can not apply Moser’s method

directly since our equation has the strong nonlinearity and it is generally difficult to treat
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the equation by a perturbation method, whenever the parameter ¢ > 0 is small. To
overcome this difficulty, we employ the Cole-Hopf transform. Formally by using the Cole-
Hopf transform, the nonlinear equation (1.1) is transformed into a linear heat equation
and hence Moser’s method is appliable. Since we consider the mild solution, we need to
justify the Cole-Hopf transform in the weak formulation. For this purpose, we modify
Trudinger’s argument [12] and we investigate the explicit dependence of the constant on
€.

Once we obtain the theorem, we obtain the Holder continuity of solutions of (1.1) and
an estimate of the Holder exponent of solutions. Furthermore, our main theorem may be
developed a finer analysis of the singular limiting problem (1.1) as ¢ — 0. For instance, our
theorem is connected with the regularity of a derivative of a solution of singular limiting
problem (1.1). Moreover, by the regularity of a gradient of the solution, an interface of
(1.1) make sense and we study the mean curvature flow and B-M-O algorithm more clear.

This paper is organized as follows. We first introduce the Ladyzenskaja inequality, the
weighted Poincaré inequality and the parabolic John-Nirenberg inequality in section 2.
In section 3, we show the local maximum principle, the weak Harnack inequality and we
prove Theorem 1.3. In appendix A, we give the existence theorem of the initial value
problem of (1.1).

At the end of this section, we introduce some notation. We denote a set of nonnegative
integer by Nyg. For x € R" and R > 0, we put Bg(z) := {y € R"; |z — y| < R} and
Kgr(z) = {y € R"; maxi<ij<, |x; — y;| < R}. We abbreviate Bg and Kr as Bg(0) and
KRr(0), respectively. For a function f : R® — R, we put fi(x) := max{f(z),0}. We
denote a set of infinitely differentiable functions with compact support in Q by C§°(2)
and the Sobolev space by H'(Q) with a weak derivative in L?(Q2). We write a norm of
u e HY(Q) by |[ullmi@) = ||lullzz2) + |Vullr2(). The completion C§°(Q) in H'() is
denoted by Hj(f2). For any Banach spaces X and time intervals I C R, we denote a set
of X-valued p-th powered integrable functions in I by LP(I; X) and a set of X-valued
essentially bounded maps in I by L*(I; X), endowed with a norm

1
p
follos = ([ Iu@Fer)” e = ess sup o)l

2. PRELIMINARY
First, we give the Ladyzenskaja inequality.

Lemma 2.1 (The Ladyzenskaja inequality). Let D C R"™ be an arbitrary domain and
T > 0. Let numbers r,q, be satisfying satisfying

2 n_n
T q_2
with
4<r<o0,2<¢q<o0, ifn=1,

2<r<o0,2<qg<oo, ifn=2,

S¢S ifn > 3.



Then there exists a constant C' > 0 depending on n,q only such that

2 1—2
lwllzroriLoy < Cllwl L2z oy 10l Lo 1220y
for allw € L>(0,T; L*(D)) N L*(0,T; H}(D)), i.e. we have the following embedding:
L¥(0,1 (D)) N L0, T HY(D)) € L (0.7 L9(D)).

We refer to Ladyzenskaja-Solonnikov-Ural’ceva [9, pp.74] for a proof. If r = ¢ in the
Ladyzenskaja inequality, we obtain

(2.1) HwHL2<1+ )((OT)><D) C([|w] 2 (0,T;HY(D)) T [[w]] o 0TL2(D)))
Next, we give the weighted Poincaré inequality.

Lemma 2.2. Let D C R" be a bounded domain and p be a mnonnegative continuous
function in D with compact support. Furthermore {x € D; u(x) > A} is convex for all
A>0. Then

/D(g(:v) — k)?u(r)dr < CM

for all g € HY(D), where

A= /D,u(a:) de , k= Jo g(xl/;(x) da:'

We refer to Lieberman [10, pp.113 Lemma 6.12] for the proof.

Before giving the parabolic John-Nirenberg estimate, we introduce some notations.
For to € R, 5 € R™ and p > 0, we denote U;(to,xo) = (to, to + p?) X B,(zp) and
Up_(to,l’o) = (to — ,02,t0> X BP(ZE()).

Lemma 2.3 (Moser [11], Fabes-Garofalo [5]). Let f : (0,T) x Kr — R. Suppose that for
0<to<T, zo € K and p >0 with U= = U (to,z9) C (0,T) x Kg, we have

lilli~io) [ 9900 Pula) da

|U+| \/ L dtdz < Cy,

(2.2)
e / V= FE) die < €,

for some Vi depending on f,ty, xqg, p only and for some Cy > 0 independent of to, xq, p-
Then there exist pg, Cy > 0 such that

// e Pof(t2) 4t dr // ePof(42) i o <y,
0, T)XKR TT R

2

where the constant Cy depends on n,T, R and the constant py depends on n, Cy.

See Fabes-Garofalo [5] for a proof.



3. PROOF OF THEOREM 1.3

In this section, we consider the Harnack estimate of a solution of the problem (1.1) and
investigate the dependence on the parameter € > 0 of the Harnack constant.

To prove Theorem 1.3, we show the local maximum principle, estimating the supremum
of u by the LP-norm of u, and show the weak Harnack inequality, estimating the LP-norm
of u by the infimum of u.

First, we give the local maximum principle.

Proposition 3.1 (the local maximum principle). Let u. be a nonnegative mild solution
of (1.1) on (0,T) x Bg. Then, forallp>1,0<7<7 <T,0<R <Rand0<e <1,
we have

_ni2
sup  ue < Ce™ 2 |[ug|| o (1)< BR)
(+' T)% By

where the constant C' depends on n,p, 7,7, R, R'.
Remark 3.2. We consider the following problem:
(3.1) ov—Av—v=0, (t,z)€ (0,T) X Bpg.

For a nonnegative subsolution v of (3.1) and forallp > 1,0<7 <7 <T,0< R <R,
we can obtain

sup v < C||v|| Lo (1) xBr)
(T’,T)XBR/

where the constant C' depends on n,p, 7,7, R, R". We put
t x
ve(t,x) i =v | -, — ],
() <6 ﬁ)

1
O — Av, — e = 0, (t,z)€(0,eT) x B sp.

then we have

By change of variable, we find

_n+2
sup v, < Ce 2 ||Ua||LP((6T,eT)

XB ;zr)"
(em" eT)X B szg Ve

Therefore the power of € in Proposition 3.1 naturally arises.

Next, we give the weak Harnack inequality:.

Proposition 3.3 (the weak Harnack inequality). Let u. be a nonnegative mild solution
of (1.1) on (0,T) x Bgr. Suppose that 0 < u. < M for some M > 0. Then, for allp > 1,
0<T§%and0<R’<R, we have

0 .
el o ((0.r) < By < CM exp (E) (37,4ITI)1£BR, e

where the constant C' depends on n,p, 7, R', R and the constant 8 depends on n, M.

Using the local maximum principle and the weak Harnack inequality, we obtain the

Harnack inequality.
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3.1. Proof of Proposition 3.1. Hereafter, we abbreviate u as a solution u. of (1.1).
Before proving Proposition 3.1, we show the reverse Holder inequality.

Lemma 3.4. Let u be a nonnegative mild solution of (1.1), Then for all 5 >0,0 < s <
s <T,0<7r <rande <1, we have the reverse Holder inequality:

B+
(3.2) |ull <1+ YBD (51, T)x B, )

<c(1+1)2(1<@+1)+ LR )|| 1558
N 8) \e (r=r)? " (s =s)) DB

where the constant C' depends on n only.

Proof of Lemma 3.4. We consider that u is a classical solution. Set a cut-off function
7 satisfying
4

r—r

4
0§77§1777(t,$):10n (8/7T)XB7"7 |atn|§,—7 |V77|§
s — S

Taking the test function n?u” in the equation of (1.1), integrating over (s,t) x B, and
neglecting the term %|Vul?, we obtain

1 t t
m/ / 7728t(u5+1)d7'd1‘+6/ / n?u’ | Vul? drdax
’ i ’ t ' 1 t
< —2/ / uﬂnVn~Vud7'dac+g/ / *uPtt drdz.

Using the Young inequality by the first integral of right hand side and adding

5 1 / O(n eans drdzx,
B,

+ ﬁ+1 / / i ’V | drdx
1/ / Wt drdo + —/ / 77|am|uﬂ+1 drdx + z/T |V77|2UBJrl drdz.
£ . 6"‘1 s - ﬂ s B,

Then we obtain

we have

2 ,3+1 dax

B+
<

B+1
H?’]U erl Hioo(s,T; L2(By))

SC{%(ﬁ+1)+(1+%> v !

1 641
_ T’/)2 + s — g HU HLQ(ST L2(B,))

and

B+1
HL?(S T HY(B))

B+1 1 1\?2 1 1 1 f+1
< —_ — — — 2 2 2
_C{ ; (1+5)+(1+5> (T_T,)2+(1+5)S,_S}Hu 122 (s 28,

[Giln




Djq

D(] T

FIGURE 1. Figure D;(We set Dy = (7/,T) x Bpr)

where C'is the universal constant. Using the Ladyzenskaja inequality (2.1), we have

B+1

B+1
>

’ H22<1+2>
L n’((s',T)xBy)

1\* /1 1 1 a1y
= ct) (1 " B) <g(ﬂ U+ (r —r')2 " (s" — S)> = Wezqor s
This implies the inequality (3.2). O

||i2(1+%)((s’,T)><BT/) = Hnu

Proof of Proposition 3.1. For j € N, we put
=7 -2 -7), Rj:=R +27(R-R),

J

2 J
Qj = (1 + 5) s Dj = (Tj,T) X BR]..
(cf. Figure 1) In the inequality (3.2), we set

o ! _ I __ —
B+1l=paj,s =T1j41,5=1;,7 =Rjp1,r=Rj,
then we obtain

4 (1 1 1 pe;
(3.3) HuHLpajH(DM) < C(p,n)°i (g + ey + (R— R’)2> HUHLPO‘J'(DJ-)'

This inequality (3.3) asserts that if ||u||jre; (p,y is finite, then [[u[|pre;41(p,,,) is also finite.
Iterating this inequality (3.3), we find

[ullzreser (o myx By < llullzrese o,y

o g (1 1 1 Pﬁl“j
< o [ — »
- (C(p’"> <a+(r’—r)+(R—R’)2> )”“““D“

n+2

Clpm) = (14— )
= n)==tei | — U\ Le((r .
p, e (r'—7) (R-R)? Lr((1,1)x Br)




We remark that >°.°, ai is finite. Taking 7 — oo, we have

n+2

su u < C(n )g_nTt)Z 1+ 1 + 1 g ||u“
A 77 (R_R) L((T)x Br)-

O

Remark 3.5. In the proof of Proposition 3.1 and Lemma 3.4, we only consider the
classical solution of (1.1). However using the Steklov average, we can extend our results
for weak solutions of (1.1).

3.2. Proof of Proposition 3.3. First, as Lemma 3.4, we show the reverse Holder in-
equality.

Lemma 3.6. Let u be a nonnegative mild solution of (1.1). Suppose that 0 < u < M for
some M > 0. Then, for all 3 < —1,0<s<s <T and 0 <1’ <r, we have the reverse
Holder inequality:

B+1 ¢ 1 1 p+1
(34) HU "L(1+%)((s’,T)XBT/) § Ce <3/ s + (7” — T/>2) Hu HLl((s7T)><Br)7

where the constant C' depends on n and the constant 6 depends on M, (3 only.

Lemma 3.7. Let u be a nonnegative mild solution of (1.1). Suppose that 0 < u < M for
some M > 0. Then, for all =1 < < 0,0< s <s<T and 0 <" <r, we have the
reverse Holder inequality:

B+1
(3.5) lu ||L(1+%>((0,3’)><BT/)

< Cle? max {1,

1+l‘ 'Hl
CIN

2 1 1
1
bt ) 1 e

where the constant C' depends on n and the constant 6 depends on M, 3 only.
Since their proofs are similar, we show these lemmas at the same time.

Proof of Lemma 3.6 and Lemma 3.7. Set a cut-off function 7 satisfying 0 < n < 1,
and we require more condition for n later. We put by = % for our convenience. Taking a
test function n2e~%%u” in the equation of (1.1), integrating over (o, t) x B, and neglecting
the term ¥, we obtain

t t
— / / n2e " uP O drdr — / / n?e %" (BuP ! — bou”)|Vul? drda
to s to T

¢ ¢
< 2/ / ne~ " uPVn - Vu drdx + by / / n*e "yl | Vu|* drdz.
to r to T

We can cancel out the integral of n%e~%%u?|Vu|? in this inequality. Using the Young
inequality, we have

t t
(3.6) —/ / n26_b°uuﬁ8tud7dx—§/ / n?e 0P\ Vul? drda
to o to r

2 t
< ——/ / e Py | drda.
/8 to T



Next, for § # —1, we set

(6+1) /u e s ds, if B> —1,
fu) = -
—(B+ 1)/ e 5% ds, if B < —1.

Then 0, f(u) = (8 + 1)e~""ufdu.
If 5 < —1, by the integral by part, we have

flu)=—(B+ 1)uﬂ+1/ e~ bouryB qy (s = ur)
1
= bou5+2/ e~bour (1 — Pty ar
1

> __1
Z bouﬁ+2/ ) e—bour(l _ TB—H) dr Z %uﬁ-i—le—boMz ,6+1‘
2

+1

If -1 < (<0, we have
1
flu)=(8+ 1)u5+1/ e~bouryl gy (s = ur)
0

1
> e oMyl (5 4 1)/ P dr = e7boMy 1,
0

On the other hand, since f(u) < u?*1] there exists 0 < 6 = (M, ) < 1 such that

16—b09(Mﬂ)uﬁ+1 < f(u) < Wans

(3.7) >

We remark that

6(M, ) — o0 as f— —1,

O(M,B) — 0(M,—o0) < oo as ff — —o0.
From (3.6) we obtain

(3.8) ——//(%nf dex— bOM//n|Vu2\2dex
|ﬂ|// 5+1|vn|2drdx+ |ﬁ+1|// n|On|uf T drda.

We now show the inequality (3.4) under the following additional condition

4 4
. t,z) =1 on (s,T) x By Dt v
(3.9) n(t, x) on (s',T) x ,|8t77|_8/ S,| 7]|_T Soto=5

to the cut-off function 1. Applying the estimates (3.8) and (3.9) to (3.7), and noting

(ﬁfﬁ)z > 0, we have
B+1 1 1 8
e s < O (s + s ) I e
and
B+1 1 1 B+1
™ I7- (5T HY(By) = Cen? (s’ s (r— 7“’)2) o HL2 (s ) By)’

9



Using the Ladyzenskaja inequality (2.1), we obtain

B+1

B+1
w2 ||iQ(1+%)((s’,T)><BT/) < |[nu 2

2
’ HLQ(H'%)((S,T)XBT)

1 81

1
< C<n>eb09 (S/ — s + (74 _ T'/)Q) ||U : HiQ((s,T)XBr)'

This implies (3.4).
Next, we show the inequality (3.5). We assume further condition on the test function
7 as

4
n(t,z) =1 on (0,5) x By, |0m| < VNl < ——  to = 0.
s—s' r—r!

Then it follows from (3.8) that

. 1 1 1 B+1
Hn“ & Hiw(o,s;H(Br)) < O’ max {17 ‘1 " B’} <8’ -3 * (r— 7")2> Hu g Hi2((075)><3r)
and
[l
L2(0,5;HS (Br))

< Ce*? max {1,

1
1+ =,
;

1
14 =
g

2 1 1 8112
o s " (r — )2 v 22 00y x .-

Using the Ladyzenskaja inequality (2.1), we obtain

B+1 Bt1L
|u ;1||i2(1+%>((0,5/)><3w) < [ju 31”?2<1+%><<o,s>x3ﬂ

? 1 1 B+1 12
o s (r—11)2 > 200y x 3,

This implies (3.5). O

< Ce*? max {1,

1
1+ =,
;

1
14—
g

Remark 3.8. Introducing the Cole-Hopf transform v = 6_%“, if u is a classical solution

of (1.1), then v is a subsolution of the linear heat equation. We can regard that the
test function ¢ = n?e uyf as the justification of the Cole-Hopf transform for weak
formulations. The original idea to cancel out the nonlinear term may be go-back to
Trudinger [12]. (Aronson and Serrin [1] also use this idea.)

Lemma 3.9. Let u be a nonnegative mild solution in (0,T) x Bg with 0 < u < M. Then,
forallqg>0,0<7<7 <T and0< R < R, we have

1
—M6O(n+2 r K
(3.10) inf  uw>Cexp <$> (/ / u? dtdm)
(7", T)x By 2qe + JBn

where the constant C' depends on n,q, 7 — 7, R — R’ and the constant 6 depends on M,q.

Proof of Lemma 3.9. For j € Ny, we put
=01-2)("~7), rj=R+27(R-R),

2 J
O{j: (1“—5) 5 Dj:(O,Tj)XBRj.
10



In the inequality (3.4), we set
B+1=pa;,s=1;,8 =741, =Rjs1,r =R,

Then we obtain

1
_ M 1 1 oy 2042
Hu qHLaj“(DHl) < {C<n q)e o (7_/ s + (R — R’)Q)} 2 Hu q"Laj(Dj)‘

Iterating this inequality, we find

sup u ?<C(n,q,7—7,R—R)e
(T/,T)XBR/

Taking the —i—th power, we obtain (3.10). O

]\[0(n+2) _
[ 21 (Do)

Almost the same argument, we obtain the following lemma:

Lemma 3.10. Let u be a nonnegative mild solution in (0,7) x Bg with 0 < u < M.
Then, for all0 < ¢<1<p,0<7 <7<T and 0 < R' < R, we have

MO(n+2)
”uHLP((O,T/)XBR/) < Cexp ( ) (/ / ul dtdx)
2qe Br

where the constant C depends on n,q, 7 — 7', R — R’ and the constant 6 depends on M,q.
Next, we consider the case # = —1 in the proof of the Lemma 3.6 and Lemma 3.7.

Lemma 3.11. Let u be a nonnegative mild solution of (1.1) in (0,T) x K,.. Suppose that
0<u< M for some M > 0. Then there exist C,py > 0 such that

1

o M 1—e? —% "o
// uP® dtdx < CM exp / // u P dtdx ,
(O%T)xKg 0 T.T) <Ky

where the constant C' depends on n,T,r only and the constant py depends on n only.

Proof of Lemma 3.11. We put ¢ > 0 and h € R. Wesetﬁ——l to=tandt=t+h
in the inequality (3.6). And we replace B, with K, := {x € R";max;<;<, |z;| < r}, then

t+h 1 t+h
(3.11) / / n*e %y Ou drdr + 5/ / n?e %y 2| Vul? drds
T t T
t+h
< 2/ / e "\ Vn|? drdzx.
t r

fu) = —/ e bosgT1 s,
1
then by 0, f(u) = —e "% 19u and V f(u) = —e 0"u"1Vu, we see from (3.11) that

t+h t+h
/ / 0?0, f (u) drdx + = / / 2ebo| 7 f (u) | drda
r r h
< 2/ / e~V drdx.
t r

Letting

11



We freeze p > 0 and zy € K, so that K,(z9) C K,. We select a cut-off function n such
that

n=n(x)=1 (z€ Ks(xo)),
supp n CC K,(zo) ,

4
0<n<1,|Vpl<-,
p

{z € R"; n(z) > A} is convex for all A > 0.

Then we obtain

thh | ptth
[t vy [ PV sPards < one
Kp(il‘o) 2 t Kp(il‘o)

where the constant C' depends on n only.
We apply Lemma 2.2 by g = f(u), p=n% and D = K,(z), then we find

t+h fK /)7 d.’]) t+h
/ nf(u)de| +C =2 12+2 / / V(7))*n*drdx < Chp"2,
Kp(wo) t Kp(z0)
where (' is the constant depending on n and
S oy F (T ) da
Jicp () P d '
Dividing by & [ K, (z0) n?dx and let h — 0, we obtain

V(r):=

n—2

[ -virar s Lo copt aeo<i<t
KB (:)30) fK (QEO dI

dV Ch
dt = n+2

where the constant Cs depends on n only.
Weput()<t0<Tsuchthat0<t0——<t0—|—p < T and set
wi(t,x) = f(u) = V(to) = Cap™2(t —to) , Wi(t) = V(t) = V(to) — Cap™2(t — to).
Then

dWh Ch
dt pn+2

(312) / ('LU1 — W1)2 dx < O, Wl(to) = 0.
Kp (x0)

For s > 0, we put
Qps(t) :={z € K (x0); wi(t,x) > s}.
Since Wi (t) <0 for top <t <ty+ % by (3.12), we have
—Wy>s—W; >0, tzto,ergﬁ(t)

hence T c
1 1 2
Therefore
’Qg,s(t)‘ ~1 _pd(s — W) 1 d 1
L < O s = M) P — o - W)



Integrating over (to,to + %), we find

2
1 [Pt 1 1 1
o (O)|dt <t — < —.
pn+2 /to |ng(>| — V1 {S—Wl(to) S—Wl(tg—l—sz)}_Cls

We set Uy = (to, to + %) x Ks(x0), then

ﬁE/U\Aﬂw—v%»mwx

— !U_1+|/U V(wi(t, ) + Cop=2(t — t))4 dtdx

3.13
(3.13) g;L(/ v@ﬁzﬁﬁm+/ N@%ﬁ@:gﬁm)
|Uy| U, .
1 1 to+§ 00 ) \/?2
<_— | = o, G

Here we write

t0+ﬁ oo
/ ' (/ 573Qe (t)] ds) dt
to 0 2

t0+§ 1 L (e} )
= [ ([ s asonas+ [T tpolds)ar =1t
to 0 1

and estimate

to—‘,—é 1 L
I g/ (/ s‘2|K§|ds) dt = 2|0,
to 0

0 N to—l—é d d (o'¢) 1pn-i-Qd 8
I < 2 o ()| dt | ds < —2 = U,
v< [t [ egatar | as < [T e =

Substituting these estimate in (3.13), we obtain

ﬁj/U\Aﬂw—WMMﬁMSC7

where C' is the constant depending on n only.
2
We set U_ = (to — &, 7) x Ke(zo) and by the same argument, we have

IUL-I //U VIVt = Fa), dtdz < C.
13



Consequently, for 0 < tg < T, o € K, and p > 0 with (¢, — & to + £ ) Kg(:vo) C
(0,7) x K, we have

dtdr < C,
A /U+ V) = Vito))

t dtd < (C.
|U|//“ o) !

By Lemma 2.3, we have

(3.14) // e Pof W qtdy // eI W grde | < C.
(O,éT)XK% (%T,T)XK%

Now, we give the following lemma, that gives a estimate of f(u).

Lemma 3.12. Let

M —bgs 1 —bos
1_ 0 1_ 0
A =exp (—/ - ds> , B =-exp (/ -c ds).
1 S 0 S

Then we have
(3.15) —log BE < f(§) < —log A¢
forall0 <& < M.
Proof of Lemma 3.12. We show that

Fi(§) == —log A  — f(§) = 0
for all 0 < ¢ < M. By differentiating F', we have

1 e bos
F&) =—->+ <0.

Therefore Fy(§) > Fy(M) for 0 < ¢ < M. Since

M1 _ gbos
Fl(M):—logA—/ Tds’
1

we have Fi (M) = 0 if and only if A = exp ( M 1ehor ds) and hence Fy(£) > 0 for all

0<¢< M.
Similar argument, we obtain —log B¢ < f(&) for all 0 < £ < M. O

By Lemma 3.12 and the estimate (3.14), we have

/ / epolog A gy i / / e Polog Bu qiis | < O
(0,§T)x Kz T T)xKr

2

2

hence 1

% B %o
// uP° dtdzx < (C— // u PO dtdx )
(0,AT)x Ky A\ aray,

Using Lemma 3.9, 3.10 and 3.11, we obtain Proposition 3.3.
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APPENDIX A. EXISTENCE OF A MILD SOLUTION

Now, we show Proposition 1.2, namely the existence of a mild solution of the following
initial value problem:

(A1) {&u—Au—l—g(IVUF—l) =0, (t,x)e€ (0,T7)xR",
u(0,z) = up(x), xe€R™
To prove Proposition 1.2, we give key estimates.
Lemma A.1. Let 1 < q<p<oo. Then for all $ € LY(R") we have
le<éll, < Creft |l
Vet <oll, < Coett= 2]l

n(l 1)
y=5(-—-).
2\q »p

and C,Cy are constants depending on p,q,n only.

where

Using the LP-L9 estimate for e'®, we obtain Lemma A.1. In Lemma A.1, we can take

2y

_n@l_1 —2v+1 =5
-t 0. (o (45288))

where the constant Cjy depends on n only, [S"7!| is the area of the surface of the unit ball
in R" and I' is the gamma function, namely

F@y:/)ﬁqfwt
0
In this section, the constants C7,Cs are as in Lemma A.1. To construct the contraction
mapping, we set the following function spaces.
Definition A.2. Let 1 < p,r < oo, T, M > 0. We define
Xu(T) = Xpr,p,r(T) :={u € C([0, T]; LP(R™)) ; Vu € C([0,T]; L"(R")),
lullx,, = llulleqoricr @y + [Vulleorer@ny) < M}
We define the distance of X,/(T") by
d(u,v) := |lu = vllcqome@m) + IV (w = v)lleqor:c-@)-

We denote the homogeneous Sobolev space by Wl’q(R”). Since X M(T) is closed in
C([0,T]; LP(R™))NC([0, T]; WH4(R™)) and C([0, T]; LP(R™))NC([0, T ; WH4(R™)) is com-
plete, X,/(T) is a complete metric space.

A.1. Estimate of perturbation.

Definition A.3. Using e, we define
1 t
(A2) 0(w) = g [ T e

for u € X (T).
15



We show the existence of a fixed point for ®. First, we take 7" > 0 such that we define
® on Xy (7).
Lemma A.4. Let 1 < p,q < oo be satisfying
1 1 1 1 2
—-<S, 42,
p q n p g
and let M,~ be

n{l 1 1
M =20l + 1Vl v =5 (5+7) + 5

We take 0 < Ty < 1 small enough such that

3

5

where C' is the constant depending on n,p,q,e only. Then ®(u) € Xy (T) for all T < Ty
and u € X (T).

Remark A.5. We can take T} explicitly so that

1—-n

n 3 1({CwrT, * CT,7" 1
A3 e < =, - < .
(A.3) ‘ _2’8< r—n 1—~ | = 4M?

CTI M2 <1, ¢e* <

Proof of Lemma A.4. First, we consider an estimate of ||®(u)||c(o,17:00n)). We put
r>1lasi= 110 + %. By Lemma A.1, we have

L[
I@(u)HpSHe“uong/O et~ Au| V||, dr
(A.4)

C t —T _n
< ||€tAU0||p‘|‘—€1 / ets (t—T) q||u|Vu|2||rdr.
0

Using the Holder inequality for the integrand, we have [[u|Vu[?||, < [lull,[|Vul|?, hence

C t
@)l < letuoll, + 2 [ e
0

We remark ¢ > n since * > % + %. Therefore taking a supremum for ¢ in (A.4), we find

t—7

(=) |l | Vull; dr.

Cy r ! —n
et s / (t — )" |u(r) || Vu(r) |2 dr

T
sup | (u)ll, < e=|luoll, +
0<t<T 0<t<T Jo

T
< e |Juoll, +

Cy r t _n
e= sup [lu(t)]l, sup [[Vu(t)]]? sup /(t—f) « dr
€ 0<t<T 0<t<T 0<t<T Jo

C ! n
< e%||uo||p + €1€%M3 OiltlgT/ (t—7) adr.
<t<1 Jo

Since

t n n t "
/(t—r)_qdrz R i e
0

0 qg—n
we obtain .
T Ci v, gl 9
sup [|®(u)l, < e=|lugll, + —e= M*—.
0<t<T € qg—n
16




Next, we consider ||V®(u)|c(jo,r);Le(rny)- Differentiate (A.2), we can write
1 t
Vo (u) = Veltug — —/ A (u(1) | Vu(T)]?) dr.
€ Jo
Considering the LP-L? estimate of derivative in Lemma A.1, we find

1 t
V@)l < Vol + 2 [ IVl Tuf, dr
0

Cy [t v
< eVl + 2 [ e =) V) o
0
where 1 = ]13 + 3. Using the Holder inequality for the integrand, we have |ju|Vul?||, <

HquHVuHE By % > i + é, we obtain

therefore
IV®(u)ly < lle“'Vuollq +

C2 r ! — 2
e ) =)l Vel dr.

As the previous estimate, taking the supremum for ¢, we obtain

T
sup [|[Ve(u)llq < e*|[Vuollg + T
0<t<T Y

The above estimate, we have

2 £
We take Tj as (A.3). Then we obtain

M ¢  Met (CiqT* "7 CoT'
||(I)(u)||XM§_€E+ ( q—n + 1—~ :

3M M
D ()] x,, < - T =M
for T' < Ty, therefore if u € X (7T'), then ®(u) € X (7). O
A.2. Contraction of .

Lemma A.6. Let p,q be as Lemma A.4. Then for small T > 0, ® is a contraction
mapping on X (T).

Proof of Lemma A.6. By Lemma A.1 we find

1
[#0) = Bl < = [ 1 @IVa = oV, o7

C ¢ t—1 n
< _51/ e = (t—T)_5||u|Vu|2—U|VU|2||TdT
0

for u,v € Xy (T), where % = % + %. By the Holder inequality, we have
lul Vul* = o[ Vo[l < ll(u =) [Vul?[l, + [(IVuf* = [Vo?)oll,
< Nl(w = o) Vullg + [[Vu+ Vol [V(u = v)[lg][o]],

< MP|fu—vll + 27|V (u = v) ],
17



therefore

C qe%Tl_%
sup [|®(u) — D(v)], < ———— ( M*

mmnu—mu+2M2wpnvw—va
o<t<T

0<t<T e(g—n) 0<t<T
OM2Cyqe=T "4 ( )
< su u—vll, + su Viu—wv .
e T (s = ol + s V=0,

As the similar estimate, putting v = 3 (% + %) + % we find

IM2Coes T
sup V(@) — B(0), < M (

su u— |, + su Viu—ov .
0<t<T e(1—7) p | Iy ogthH ( )Hq)

0<t<T
As the above estimate, we obtain

2M2ex Cquk% CyTH=
+ ||u - UHXA{

O(u) — P <
() = (W), < = (T

Therefore we take T" > 0 small enough so that

(A.5)

qg—n 1—~ | =4

2, L -2 1—y
2Mge (cqu Yy ><3

Then we have
3
12() = @()llxy < Jllw = vlix,.
Therefore we find that ® is a contraction mapping on X, (7). O

Remark A.7. We take Ty > 0 satisfying (A.3). Then the inequality (A.5) is satisfied for
all T' < Tp.

Proof of Proposition 1.2. By Lemma A.4 and Lemma A.6, we find that ® is a con-
traction mapping on Xj/(7"). Since Cauchy’s fixed point theorem, ® has a fixed point,
namely there uniquely exists u € X /(7' such that ®(u) = w. This u satisfy (1.3) and is
unique in {u € C([0,T]; LP(R™)); Vu € C([0,T]; LY(R™))}. O

Remark A.8. We consider the following initial-boundary problem:
dou — Au+ g(\vuﬁ ~1)=0, (t,z)€(0,T)xQ,
(A.6) uw(0,z) = up(x), x € Q,
u(t,z) =0, (t,z) € (0,7) x 05

If Lemma A.1 holds, then we can use our argument and show the existence of a solution
of (A.6).

Acknowledgments: The author would like to express his deep gratitude to Professor
Takayoshi Ogawa for his valuable comments and encouragement. He also wishes to express
his sincere thanks to Professors Makoto Nakamura, Michinori Ishiwata, Masahito Ohta
and Jun’ichi Segata. Finally, he thanks for referees to point out of his mistakes in this

paper.
18



REFERENCES

Aronson, D. G. and Serrin, J., Local behavior of solutions of quasilinear parabolic equations, Arch.
Rational Mech. Anal., 25(1967), 81-122.

Barles, G. and Georgelin, C., A simple proof of convergence for an approximation scheme for com-
puting motions by mean curvature, STAM J. Numer. Anal., 32 (1995), 484-500.

Bence, J., Merriman, B. and Osher, S., Diffusion generated motion by mean curvature, in “Compu-
tational Crystal Growers Workshop,” Amer. Math. Soc., Province RI, 1992, 73-83.

Evans, L. C., Convergence of an algorithm for mean curvature motion, Indiana Univ. Math. J.
42(1993), 533-557.

Fabes, E. B. and Garofalo, N., Parabolic B.M.O. and Harnack’s inequality, Proc. Amer. Math. Soc.,
95 (1985), 63-69.

Goto, Y., Ishii, K. and Ogawa, T., Method of the distance function to the Bence-Merriman-Osher
algorithm for motion by mean curvature, Commun. Pure Appl. Anal., 4 (2005), 311-339.

Ishii, H., A Generalization of the Bence-Merriman and Osher algorithm for motion by mean curvature
in “Curvature flows and related topics,” GAKUTO International Series, Mathematical Sciences and
Applications, 5(1995), 111-127.

Ishii, H. and Ishii, K., An approximation scheme for motion by mean curvature with right-angle
boundary condition, STAM J. Math. Anal., 33 (2001), 369-389.

Ladyzenskaya, O. A., Solonnikov, V.A. and Ural’ceva, N. N., Linear and quasilinear equations of
parabolic type, Translations of Mathematical Monographs 25, A.M.S. Providence R.I., 1978.
Lieberman, G. M., Second order parabolic differential equations, World Scientific, 1996.

Moser, J., A Harnack inequality for parabolic differential equations, Comm. Pure. Appl. Math.,
17(1964), 101-134.

Trudinger, N. S., Pointwise estimates and quasilinear parabolic equations, Comm. Pure Appl. Math.,
21 (1968), 205-226.

19



