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Intro. Main Thm. Strategy of pf of Hölder est Open deg. parabolic eq. PME Hölder conti. Prob.

退化放物型方程式

退化放物型方程式{
∂tu − ∆uα = div f, t > 0 , x ∈ Rn,

u(0, x) = u0(x) ≥ 0, x ∈ Rn.
(dP)

u = u(t, x) ;未知, f = f(t, x) ;既知, u0 = u0(x) ;既知

∆uα = div(αuα−1∇u)

α = 1 =⇒ uα−1 ≡ 1 (一様放物型)

α > 1 =⇒ uα−1 = 0 if u = 0 (退化放物型)

f = f(x) ∈ Lp =⇒ div f ∈ Ẇ−1,p

.
問題..
.(dP)の解 (弱解)の正則性 (可微分性)は？
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Intro. Main Thm. Strategy of pf of Hölder est Open deg. parabolic eq. PME Hölder conti. Prob.

正則性評価

∂tu − ∆uα = div f

(difficult!!)⇓ (difficult!!)

古典解

⇑
正則性評価

⇑
一般化された解

正則性評価⇒摂動法,コンパクト性,漸近挙動
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Intro. Main Thm. Strategy of pf of Hölder est Open deg. parabolic eq. PME Hölder conti. Prob.

porous medium方程式

porous medium方程式 (α > 1){
∂tu − ∆uα = 0 (∈ C∞), t > 0 , x ∈ Rn,

u(0, x) = u0(x) ≥ 0, x ∈ Rn.
(PME)

α = 1 (一様放物型)

u0 ∈ C∞ ⇒ u ∈ C∞

α > 1 (退化放物型)

u0 ∈ C∞ ; u ∈ C1
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Intro. Main Thm. Strategy of pf of Hölder est Open deg. parabolic eq. PME Hölder conti. Prob.

Gauss核とBarenblatt解 (自己相似解)

∂tU − ∆U α = 0

α = 1 =⇒ Gauss核
α > 1 =⇒ Barenblatt解(u

x

U (t, x)
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Intro. Main Thm. Strategy of pf of Hölder est Open deg. parabolic eq. PME Hölder conti. Prob.

Hölder連続性

.
定義 (Hölder連続性)
..

.

0 < γ ≤ 1,
u = u(t, x)が γ次 Hölder連続⇐⇒

def
∃C > 0 s.t.

|u(t, x) − u(s, y)| ≤ C(|t − s|
γ
2 + |x − y|γ)

∀(t, x), (s, y) ∈ (0,∞) × Rn

注意 u = u(x)について

γ = 1 ⇐⇒ Lipschits連続
∇u ∈ L∞ ⇐⇒ uは Lipschits連続 (Rademacherの定理)
uが γ 次 Hölder連続 ∼⇐⇒ u ∈ W γ,∞

水野将司 (東北大・理) 退化放物型方程式に対する正則性評価 Feb. 16, 2010 6 / 20
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def
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|u(t, x) − u(s, y)| ≤ C(|t − s|
γ
2 + |x − y|γ)

∀(t, x), (s, y) ∈ (0,∞) × Rn

Hölder連続性の有用性
同程度連続性⇒ Ascoli-Arzeláの定理
等高面の正則性,修正可能性⇒幾何学的測度論, (動く)曲面の解析
漸近安定性の解析 (cf. Ogawa-M.)
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def
∃C > 0 s.t.

|u(t, x) − u(s, y)| ≤ C(|t − s|
γ
2 + |x − y|γ)

∀(t, x), (s, y) ∈ (0,∞) × Rn
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Intro. Main Thm. Strategy of pf of Hölder est Open deg. parabolic eq. PME Hölder conti. Prob.

問題

退化放物型方程式{
∂tu − ∆uα = div f, t > 0 , x ∈ Rn,

u(0, x) = u0(x) ≥ 0, x ∈ Rn.
(dP)

u = u(t, x) ;未知, f = f(t, x) ;既知, u0 ∈ C∞ ;既知

.
問題..
.(dP)の解 (弱解)の Hölder連続性は？

注意

∇u ∈ Lpは未解決

線形半群による方法は困難
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Intro. Main Thm. Strategy of pf of Hölder est Open known results Func. sp. Thm. Rem.

既存の結果 1

porous medium方程式{
∂tu − ∆uα = 0, t > 0, x ∈ Rn,

u(0, x) = u0(x), x ∈ Rn.
(PME)

Caffarelli-Friedman ’80
uの (一様な) Hölder連続性

⇐ Aronson-Benilan評価 &比較原理

困難な点 (外力項のある場合)
Aronson-Benilan評価は成り立つか？
(応用上の観点から観て)比較原理を使いたくない

水野将司 (東北大・理) 退化放物型方程式に対する正則性評価 Feb. 16, 2010 9 / 20
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Intro. Main Thm. Strategy of pf of Hölder est Open known results Func. sp. Thm. Rem.

既存の結果 2

p-Laplace発展方程式 (p > 2){
∂tv − div(|∇v|p−2∇v) = 0, t > 0, x ∈ Rn,

v(0, x) = v0(x), x ∈ Rn.
(p-L)

DiBenedetto-Friedman ’85, Wiegner ’86, Misawa ’02
∇v の Hölder連続性

考察

u := |∇v| =⇒ ∂tu − ∆uα = F (∇v,D2v, . . . )

n = 1 =⇒ F ≡ 0

DiBenedetto-Friedmanは f ∈ Lq(0,∞;Lp) , 2
q
+ n

p
< 1に対し

て (dP)の解の Hölder連続性を主張 (証明は与えられていない)
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Intro. Main Thm. Strategy of pf of Hölder est Open known results Func. sp. Thm. Rem.

弱 Lp 空間

.
定義 (弱 Lp 空間)
..

.

Ω ⊂ Rn ; domain, p > 2.
f ∈ Lp

w(Ω) ⇐⇒
def

f ∈ L2
loc(Ω) and

‖f‖2Lp
w(Ω) := sup

K⊂Ω ;cpt

1

|K|1−
2
p

∫
K

|f |2 dx < ∞

注意

Lp ( Lp
w =⇒ Lq(0,∞;Lp) ( Lq(0,∞;Lp

w)

∵
∫
K

|f |2 dx ≤ |K|1−
2
p‖f‖2Lp , |x|−

n
p ∈ Lp

w(R
n)

Lp
w

∼= Lp,∞ (Lorentz空間)
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|f |2 dx < ∞

注意

Lp ( Lp
w =⇒ Lq(0,∞;Lp) ( Lq(0,∞;Lp

w)

∵
∫
K

|f |2 dx ≤ |K|1−
2
p‖f‖2Lp , |x|−

n
p ∈ Lp

w(R
n)

Lp
w

∼= Lp,∞ (Lorentz空間)
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Intro. Main Thm. Strategy of pf of Hölder est Open known results Func. sp. Thm. Rem.

主定理 (Hölder評価)

{
∂tu − ∆uα = div f(t, x), t > 0, x ∈ Rn,

u(0, x) = u0(x) ≥ 0, x ∈ Rn.
(dP)

.
定理 (Hölder評価)
..

.

n ≥ 2, 2
q
+ n

p
< 1, f ∈ Lq(0,∞;Lp

w), u ∈ L∞
t,x

=⇒ 0 < ∃γ < 1 and ∃C > 0 s.t.

|uα(t, x) − uα(s, y)| ≤ C(|t − s|
γ
2 + |x − y|γ)

≤ Cn,α,p,q(‖u‖αL∞ + ‖u‖
1
q
(α−1)

L∞ ‖f‖Lq(0,∞;L
p
w))

× (‖u‖
γ
2
(α−1)

L∞ |t − s|
γ
2 + |x − y|γ)

∀(t, x) , (s, y) ∈ (0,∞) × Rn

水野将司 (東北大・理) 退化放物型方程式に対する正則性評価 Feb. 16, 2010 12 / 20
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定理 (Hölder評価)
..

.

n ≥ 2, 2
q
+ n

p
< 1, f ∈ Lq(0,∞;Lp

w), u ∈ L∞
t,x

=⇒ 0 < ∃γ < 1 and ∃C > 0 s.t.

|uα(t, x) − uα(s, y)|

≤ Cn,α,p,q(‖u‖αL∞ + ‖u‖
1
q
(α−1)

L∞ ‖f‖Lq(0,∞;L
p
w))

× (‖u‖
γ
2
(α−1)

L∞ |t − s|
γ
2 + |x − y|γ)

∀(t, x) , (s, y) ∈ (0,∞) × Rn

水野将司 (東北大・理) 退化放物型方程式に対する正則性評価 Feb. 16, 2010 12 / 20
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Intro. Main Thm. Strategy of pf of Hölder est Open known results Func. sp. Thm. Rem.

指数に関する注意

何故 2
q
+ n

p
< 1, f ∈ Lq(0,∞;Lp

w)か？ ρ � 1

∂tu − ∆uα = div f(t, x), (t, x) ∈ (−ρ2, 0) × Bρ

t = ρ2s , x = ρy, uρ(s, y) := u(t, x) , fρ(s, y) := f(t, x)

⇐⇒ ∂suρ − ∆yu
α
ρ = div(ρfρ(s, y)), (s, y) ∈ (−1, 0) × B1

‖ρfρ‖Lq(−1,0;L
p
w(B1)) = ρ

1−2
q
−n

p ‖f‖Lq(−ρ2,0;L
p
w(Bρ))

C

(t, x) (s, y)
ρ

ρ2

1

1
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Intro. Main Thm. Strategy of pf of Hölder est Open known results Func. sp. Thm. Rem.

重み付き関数に関する注意

重み付き関数が何故表われるのか？ M > 0 , v := uα

∂tv
1
α − ∆v = div f(t, x), (t, x) ∈

(
−

1

M1− 1
α

, 0
)
× B1

t =
1

M1− 1
α

s, vM(s, x) :=
1

M
v(t, x) , fM(s, x) :=

1

M
f(t, x)

⇐⇒ ∂sv
1
α
M − ∆vM = div(fM(s, x)), (s, x) ∈ (−1, 0) × B1

M ∼= ‖v‖∞

=⇒ |vM(s, x) − vM(s′, y)|
≤ C(‖vM‖L∞ + ‖fM‖Lq(0,∞;L

p
w))

× (|s − s′|
γ
2 + |x − y|γ)
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Intro. Main Thm. Strategy of pf of Hölder est Open known results Func. sp. Thm. Rem.

重み付き関数に関する注意

重み付き関数が何故表われるのか？ M > 0 , v := uα

∂tv
1
α − ∆v = div f(t, x), (t, x) ∈

(
−

1

M1− 1
α

, 0
)
× B1

t =
1

M1− 1
α

s, vM(s, x) :=
1

M
v(t, x) , fM(s, x) :=

1

M
f(t, x)

⇐⇒ ∂sv
1
α
M − ∆vM = div(fM(s, x)), (s, x) ∈ (−1, 0) × B1

M ∼= ‖v‖∞

=⇒ |vM(s, x) − vM(s′, y)|
≤ C(‖vM‖L∞ + ‖fM‖Lq(0,∞;L

p
w))

× (|s − s′|
γ
2 + |x − y|γ)

水野将司 (東北大・理) 退化放物型方程式に対する正則性評価 Feb. 16, 2010 14 / 20



Intro. Main Thm. Strategy of pf of Hölder est Open known results Func. sp. Thm. Rem.

重み付き関数に関する注意 (続き)

v := uα , M ∼= ‖v‖∞

t =
1

M1− 1
α

s, vM(s, x) :=
1

M
v(t, x) , fM(s, x) :=

1

M
f(t, x)

=⇒ |vM(s, x) − vM(s′, y)|
≤ C(‖vM‖L∞ + ‖fM‖Lq(0,∞;L

p
w))

× (|s − s′|
γ
2 + |x − y|γ)

∴ |v(t, x) − v(t′, y)|

≤ C(‖v‖L∞ + M
1
q
(1− 1

α
)‖f‖Lq(0,∞;L

p
w))

× (M
γ
2
(1− 1

α
)|t − t′|

γ
2 + |x − y|γ)
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Intro. Main Thm. Strategy of pf of Hölder est Open Alt. Approach Iteration Summary

Alternative approach

∂tv
1
α − ∆v = div f (dP)∗

Q = Qρ,M :=
(
− ρ2

M1− 1
α
, 0

)
× Bρ, ρ,M > 0

.
補題 (Alternative lemma)
..

.

0 < ∃θ0 , ∃η0 < 1 s.t. 0 < ∀ρ � 1, M ∼= sup
Q

v, ω ∼= osc
Q

v

|Q ∩ {v < inf
Q

v +
ω

2
}| ≤ θ0|Q| (])

(lower bounds)
(]) holds =⇒ v ≥ inf

Q
v + η0ω in Q′ b Q

(upper bounds)
(]) does not hold =⇒ v ≤ sup

Q
v − η0ω in Q′
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Intro. Main Thm. Strategy of pf of Hölder est Open Alt. Approach Iteration Summary

Iterating argument

.
補題 (Alternative Lemma (same as the last slide))
..

.

ω ∼= oscQ v

(lower bounds) (]) holds =⇒ v ≥ inf
Q

v + η0ω in Q′

(upper bounds) (]) does not hold =⇒ v ≤ sup
Q

v − η0ω in Q′

どちらの場合でも

osc
Q′

v := sup
Q′

v − inf
Q′

v ≤ (1 − η0) osc
Q

v

Iterating argument ∃{Qj}∞j=0, Qj ⊃ Qj+1 ⊃ · · · → {(0, 0)}

=⇒ osc
Qj

v ≤ (1 − η0)
j osc

Q0

v
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Intro. Main Thm. Strategy of pf of Hölder est Open Alt. Approach Iteration Summary

概略

Upper bounds Alternative Lower bounds
⇓

osc
Q1

v ≤ (1 − η0) osc
Q0

v

⇓
Upper bounds Alternative Lower bounds

⇓
osc
Q2

v ≤ (1 − η0) osc
Q1

v ≤ (1 − η0)
2 osc

Q0

v

⇓
...
⇓

osc
Qj

v ≤ (1 − η0)
j osc

Q0

v ≤ (diamQj)
γ osc

Q0

v

水野将司 (東北大・理) 退化放物型方程式に対する正則性評価 Feb. 16, 2010 18 / 20



Intro. Main Thm. Strategy of pf of Hölder est Open Schauder est. Max. Reg.

Morrey空間と Schauder型評価

.
定義 (Morrey空間)
..

.

Ω ⊂ Rn ; domain, p > 2.
f ∈ Mp(Ω) ⇐⇒

def
f ∈ L2

loc(Ω) and

‖f‖2Mp(Ω) := sup
B⊂Ω ; Ball

1

|B|1−
2
p

∫
B
|f |2 dx < ∞.

注意 Lp
w ( Mp

.
未解決問題..
.f ∈ Lq(0,∞;Mp)としたときの (dP)の解 (弱解)の Hölder連続性は？

α = 1のときは成り立つ (Schauder評価, Campanato空間)
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Intro. Main Thm. Strategy of pf of Hölder est Open Schauder est. Max. Reg.

最大正則性とHölder指数の最良定数

{
∂tu − ∆uα = f, t > 0 , x ∈ Rn,

u(0, x) = u0(x).
(dP)∗∗

α = 1, f, u0 ;滑らか=⇒ ∇u ;滑らか
.
未解決問題..
.α > 1のとき, ∇uαの正則性 (可積分性)は？可積分指数の上限は？？

p > n , ∇uα ∈ Lp =⇒ uα は 1 − n
p
次 Hölder連続

.
未解決問題..
.porous medium方程式の解の Hölder指数の上限は？？
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