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Symbols and Notations

APG —  Accelerated Proximal Gradient

CGM — Conditional Gradient Method (Section 2.3.1)

clA — the closure of the set A in (E, ||-||)

core A — theset {z € A|Vde€ E, 3t;>0s.t. Vt€[0,t4], x+td e A}

Fi(Q) — The class of convex functions satisfying the ‘Hélder condition’ on Q) with
coefficient M and exponent v (Definition 2.1.5)

DA, DAM — Dual-Averaging, Dual-Averaging Method (Section 3.1.2)

D¢(y,x) — the Bregman distance associated with the function f between x and y
(2.1.10)

Diam(Q) — the diameter of the set Q in (E, [|-[|), i.e., sup, ,eq [l — |

dom f — the domain of the function f, i.e., the set {z € E'| f(z) < +o0} (2.1.1)

dom(0f) — theset {x € E| 0f(x) # 0} for the function f (2.1.3)

EMD — Extended Mirror-Descent

E, (E,||-]) — a finite dimensional real normed space endowed with the norm |||

f(z;d) — the directional derivative of the function f at z € dom f along d € F
(2.1.4)

int A — the interior of the set A in (E, ||-||)

Isc — lower semicontinuous

MD, MDM — Mirror-Descent, Mirror-Descent Method (Section 3.1.1)

my(y; x) — a lower approximation model of the function f at y (cf. Section 4.2.2)

NSP(g,0) — the class of non-smooth problems with gradient mapping g and convexity
parameter o > 0 (Definition 4.2.6)

PGM —  Proximal Gradient Method (Section 2.3.1)

ri A — the relative interior of the set A in (£, ||-]])

Sk — Z?:o Ai for weight parameters {\;}i>o

SP(my,05,0¢,L,0) — the class of structured problems (Definition 4.2.7)

¢(y, x) — the Bregman distance Dy(y, x) associated with the prox-function d

a(f) — theset {c > 0] f—od is convex on @} where d is a prox-function on @
(4.2.1)

IIs]| — the dual norm of s € E* of the norm ||-|| (2.0.1)

(s,x) — the value s(z) of s€e E* at z € E

of — the subdifferential of the function f (2.1.2)
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Chapter 1

Introduction

1.1 Purpose of the thesis

Subgradient- and gradient-based methods for convex optimization problems have been one
of major interests in optimization in the last decades, providing efficient approaches for the
recent demands to solve large-scale optimization problems which arise from image/signal
processing, data mining, statistics, etc. Due to their cheap iteration cost, these methods can
be an efficient solution to large-scale optimization rather than Newton-type methods when
the desired accuracy for the solutions is moderate.

The (oracle-based) iteration complexity theory [46, 49] established a fundamental measure
of efficiency for subgradient-based methods and consequently many methods were demon-
strated to be of ‘optimal’ complexity for various classes of convex optimization problems. The
major interest on the subgradient-based methods were paid to the so called proximal gradi-
ent methods (PGMs) whereas the conditional gradient methods (CGMs) have been another
new focus in the past few years. The approaches to analyze the existing subgradient-based
methods are often different for each method and for each class of problems.

This thesis is devoted to establish a methodology on developing efficient subgradient-
based methods, the PGMs and the CGMs, unifying several existing methods. It provides
a unifying view of known subgradient-based methods where some of them have different
types or were originally analyzed in different ways. The unifying framework also yields new
optimal complexity methods which sometimes improve and/or extend existing results. The
idea of our unifying framework could be helpful for further developments and analysis of
subgradient-based methods. The subsequent sections summarize details on our results.

1.2 Background

1.2.1 Subgradient-based methods

Throughout this thesis, we focus on convexr optimization problems

minimize  f(z)
(P) { subject to z € Q

over a finite dimensional normed space (E, ||-||) with its topological dual space (E*, ||-||,) and
the dual pairing (-,-). Here f and @ are called the objective function and the feasible set of
(P), respectively, and assumed that @ is a closed convex subset of E and f: E — RU {400}
is a lower semicontinuous proper convex function with Q@ C dom f = {z € F | f(z) < +o0}.
We assume that (P) has at least one optimal solution z* € (. Our aim on solving the
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problem (P) is to find an e-solution for (P), i.e., a point & € @ with f(&) — f(z*) <e, for a
given absolute accuracy € > 0.

A subgradient-based method of solving (P) is an iterative scheme generating a sequence of
approximate solutions, which basically consists of two main computations at each iteration.
The first one is the evaluation of the objective function f at some test point z € Q up to
its first-order information, namely, the value f(z) and a subgradient g € 0f(xz) = {g € E* |
fly) > f(z) + (9,y — =), Yy € E}. Such information can be formulated as an oracle for f
which plays a crucial role to define the ‘complexity’ of these methods. Note that if the convex
objective function f is Gateaux differentiable at x, then the only subgradient of f at x is the
gradient V f(x). The second main computation is to solve a subproblem of minimizing some
auziliary function over the feasible set (). The difficulty of the subproblem depends on the
definition of the auxiliary function which affects the efficiency of the method.

The iteration (or oracle-based) complexity of a subgradient-based method for a given
absolute accuracy € > 0 is defined to be the minimal number of evaluations of the oracle in
the method to find an e-solution for (P). The iteration complexity ignores the computational
cost per iteration. According to the types of subproblems at each iteration, subgradient-based
methods of recent interest can be classified into two types:

e Proximal Gradient Method (PGM) solves subproblems of the form mingecq{(s, z)+d(z)}
for some s € E* at each iteration. The function d(z) is a Gateaux differentiable strongly
convex function on @) called a prox-function.

e Conditional Gradient Method (CGM) solves subproblems of the form mingeq (s, x) for
some s € E* at each iteration. In this case, () is assumed to be compact in order to
ensure the existence of a solution to the subproblems.

The CGMs usually ensures worse iteration complexity than the PGMs while the former has
cheaper cost per iteration than the latter, compensating the overall cost.

1.2.2 Classes of convex optimization problems

Given a feasible set () and a family F of objective functions, a class of optimization problems
mingeq f(x), f € F is defined. Subgradient-based methods for the following two classes of
convex optimization problems were particularly well studied in the literature.

e Non-smooth problems. The problems mingcqg f(z) of minimizing convex functions with
bounded subgradients on @ (or minimizing Lipschitz convex functions). This corre-
sponds to consider the class of convex functions f on @ such that M(Q) := sup{||g/l, :
g€ of(x), z € Q} < +oo.

e Smooth problems. The problems mingeq f(z) of minimizing f in the class F = F1(Q)
of Gateaux differentiable convex functions with L-Lipschitz continuous gradients on @,
namGIYa HVf(JJ) - vf(y>H* < L7 V.’E,y € Q

As their generalization, the following class of convex optimization problems received attention
recently.

o Weakly smooth problems. The problems min,eq f(x) with f in the class F = F3,(Q)
(M >0, v € [0,1]), namely, f is a subdifferentiable convex functions on @ such that
lgr — g2ll, < M |jzy —x9])”, Va; € Q, Yg; € Of(x;), i = 1,2. In the case v # 0,
we have the Gateaux differentiability of f on @) and so this condition is equivalent to
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the Holder condition ||V f(z1) — Vf(z2)|, < M ||z1 — x2|”, Vx1,22 € Q. Non-smooth
problems is included in this class because f € F9,,(Q) holds whenever M(Q) < M.

The strong convezity of the objective function f is also often concerned because it enables
us to construct subgradient-based methods with better iteration complexity. We say f is
of-strongly convex on @ (with convexity parameter oy > 0) if f(az + (1 — a)y) < af(x) +
(1—a)f(y) — 3ora(l—a)[lz —y|?, Vo,y € Q, Ya €[0,1].

Tight lower bounds on the iteration complexity of subgradient-based methods for various
classes of convex optimization problems have been established [27, 33, 45, 46, 49]. Table 1.1
summarizes the ones for the non-smooth, the smooth, and the weakly smooth problems when
(E,]||-]|) is a Euclidean space. In fact, the tightness are attained by some (optimal) PGMs.

non-smooth
M = My (Q)

smooth

FL(Q)

weakly smooth

Fu(@Q) (v#1)

non strongly convex
(0f =0)

() o) ()"

o s-strongly convex

T
M? L 1 M2 o1\
() _o(set) = (o)
O‘f€ O'f g O'f g

Table 1.1: Tight lower bounds of the iteration complexity of subgradient-based methods in
the Euclidean setting. Here R := ||xg — z*|| for a starting point zo € @ and ¢;(v) and ca(v)
are fixed continuous functions depending only on v.

On the other hand, the following upper bound of the iteration complexity of existing
CGMs can be ensured for the weakly smooth problems F},(Q) (cf. [55]):

1

O((MDm“»*)) where Diam(Q) = sup |z — .

€ z,yeq

This bound is known to be nearly optimal [27]. In particular, it is optimal if v = 1 in view
of the complexity based on the linear optimization oracle [35].

1.2.3 Previous works

It have been proposed many subgradient-based methods for each classes of convex optimiza-
tion problems mentioned above. We at first focus on the PGMs. The basic and important
PGMs are the Mirror-Descent Method (MDM) and the Dual-Averaging Method (DAM) for
the non-smooth problems. They support the basics of our study in this thesis and are related
to many other existing subgradient-based methods.

The Mirror-Descent Method (MDM) was proposed by Nemirovski-Yudin [46] and iterates
the procedure

Tk+1 = arglgin {)‘k[f(xk) + <gk,1‘ - :Ck)] + §($k,$)}, k=0,1,2,...,
e

starting from xg € @ where g € Of(zr), \p > 0 is a weight parameter, and {(y,z) :=
d(z) — d(y) — (Vd(y),z —y) is the Bregman distance induced by a prox-function d(z), a
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Gateaux differentiable and o4-strongly convex function on (). In the non strongly convex case,
the MDM ensures the optimal iteration complexity O(M?R?/e?) with fixing the total iteration
number and requiring to know upper bounds R > \/d(z*)/o4 and M > My(Q) in advance.
If we further assume the boundedness of @), technical averages [43, 44] of {z}} provide an
e-solution with the iteration complexity O(1/¢?) without these requirements (Knowing M
and the diameter D of @ further provides the optimal complexity O(M?2D?/?)).

The Dual-Averaging Method (DAM) proposed by Nesterov [52], on the other hand, iterates

k
Tpa1 = argergin {Z Nilf(zi) + {giy @ — x)] + ﬁkd(x)} , k=0,1,2,..., (1.2.1)

1=0

with the initial point ¢ € Q where g; € 0f(zk), { M\ }x>0 is the positive weight parameters,
and {B}x>_1 is a nondecreasing sequence of positive numbers called the scaling parameters.
In contrast to the MDM, the DAM ensures the iteration complexity O(1/e2) without fixing
the total iteration number and knowing the above upper bounds R and M. Knowing R and
M further ensures the optimal complexity O(M?R?/e?). The same advantage is also valid
for the variants [56] of the DAM.

For the non-smooth problems in the strongly convex case, the MDM ensures the optimal
iteration complexity O(M?/(os€)) [3, 42, 43]. The optimal complexity of the DAM can be
achieved if we exploit a multistage procedure [33].

For the smooth problems (f € F}(Q)), the first optimal PGM was established by Nesterov
[47] in 1983. There are several variants [2, 4, 23, 38, 49, 50] and extensive consideration to
some structured problems such as the composite structure [7, 53, 58, 59], the mixed smooth-
ness structure [12, 25, 26, 34, 37|, and the inexact oracle model [17, 18]. Tseng [58, 59]
demonstrated a unified treatment of some of these methods separating into three algorithms.
In particular, the second and the third Accelerated Proximal Gradient (APG) methods [59]
solve quite similar subproblems as the MDM and the DAM, respectively. Furthermore, the
Nesterov’s modified method [50] can be seen as the hybrid version of the two Tseng’s methods
because it involves two subproblems in the Tseng’s methods at each iteration. The Tseng’s
APG methods and the Nesterov’s modified method ensure the optimal complexity in the
non strongly convex case whereas the optimality in the strongly convex case is not known.
In the strongly convex case, there are efficient PGMs for the smooth problems [47, 49], the
composite structure [15, 26, 53|, the mixed smoothness structure [12, 26], and the inexact
oracle model [17]. They ensure the optimal complexity for the smooth problems.

For the weakly smooth problems (f € F3,(Q)), Nemirovski and Nesterov [45] established
optimal PGMs for this class in both the non strongly and the strongly convex cases. In the
strongly convex case, their method exploits a multistage procedure requiring a prior knowl-
edge M, v, a convexity parameter o of f, and an upper bound R > ||zg — 2*||. Recently,
some adaptive PGMs [36, 54, 61] were proposed which ensure the optimal complexity in the
non strongly convex case without knowing M and v.

The CGMs, on the other hand, have received great attention in past few years due to
its advantage for large-scale optimization [14, 28, 31, 32]. The CGM proposed by Frank
and Wolfe [21] is the classical one and convergence properties of CGMs are well analyzed in
particular for the smooth problems (see [16, 19, 22, 35, 55, 57] and references therein). It
is interesting to see that the recent Lan’s CGMs, Algorithms 4 and 5 in [35], have similar
fashion to the Tseng’s second and third APG methods, respectively, as clarified in this thesis.
Some extensive concerns of the CGM to the composite structure [1, 3, 24], the inexact oracle
model [22], and the weakly smooth problems [55] were also studied.
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1.3 Owur work and contributions

In this thesis, we establish a unifying framework of subgradient-based methods, that is, Meth-
ods I and IT endowed with Properties A and B. Our framework provides a family of subgradient
based methods and a methodology to analyze them. As a consequence, several existing
methods can be unified with some new extensions and improvements on their convergence
properties. The development in this thesis covers the papers [29, 30] by the author and
Fukuda.

We emphasis the crucial points of our approach and contributions dividing into three
parts.

1.3.1 Unifying subgradient-based methods

Let us see how we unify existing methods. The essential motivation is to construct axiomatic
properties (Property A) of the auxiliary functions {¢y(z)} in the subproblems min,cqg i (z)
solved at each iteration. For instance, the following construction of the auxiliary functions
{¢k(z)} which we call the Dual-Averaging (DA) model satisfies Property A:

k
or(z) = Z Xilf(x;) + (gi,x — x;)] + Brd(x) for the same parameters as the DAM (1.2.1)
=0

The DA model enables to handle the dual-averaging type methods such as the DAM, the
Tseng’s third APG method, and a particular instance of the Lan’s CGM (Algorithm 5 in
[35]). Moreover, we propose the Extended Mirror-Descent (EMD) model defined by ¢_1(x) :=
B-1d(x) and

err1(z) = or(zr) A1 [f (@rr1) +(grr1, © — Tpy1)]| 4+ Bryrd(z) — Brld(2x) +(Vd(z1), © — 21)]

where 2, := argmin, ¢ px (7). The EMD model satisfies Property A and permit to deal with
the MDM, the Tseng’s second APG method, and a particular instance of the Lan’s CGM
(Algorithm 4 in [35]). We also propose an extension, Property B, of Property A involving
two kinds of auxiliary functions to handle the Nesterov’s modified gradient method.

We proceed all of our analysis under Properties A and B. We propose two general
subgradient-based methods (Methods I and II) and show their analysis under the proper-
ties. As a consequence, for each particular classes of convex optimization problems, we
obtain a family of subgradient-based methods and their convergence estimates. Table 4.1 in
Section 4.3.4 summarizes existing methods yielded from the proposed method.

We remark that Tseng [58, 59] already established a unified treatment on existing PGMs.
Our unifying framework differs from Tseng’s work in view of the following two points. First,
the Tseng’s second and third APG methods (unifying several known methods) require inde-
pendent convergence analysis while we absorbed their difference via Property A. Second, our
framework additionally includes not only PGMs but also CGMs. Moreover, we also focus on
the weakly smooth problems and/or the strongly convex case which in particular generalize
the original Tseng’s APG methods.

It will turn out in Section 5.1 that Property A has a close relation to the Nesterov’s
estimate sequence framework [48, 49] which is a powerful principle for the construction of
optimal PGMs especially for the smooth problems. Our approach further covers other types
of convex optimization problems (e.g., the non-smooth problems) and other types of methods
(namely, the CGMs).
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1.3.2 New convergence analysis and extended methods for non-smooth
problems

We propose Method I for the non-smooth problems defined in the previous section. We prove
that the PGMs yielded by Method I achieve the optimal iteration complexity (see Table 1.1).

In the non strongly convex case, we prove that Method I ensures the iteration complexity
O(1/2?) without fixing the total iteration number and knowing upper bounds M = M(Q)
and R > \/d(x*)/c4. Moreover, the optimal complexity O(M?R?/£?) is ensured if we know
M and R. In particular, Method I employing the DA model yields the Nesterov’s DAM and
its variant [56] with the same advantage.

As a byproduct, we obtain a novel extension of the MDM, the extended MDM (Method 4.3.5),
exploiting the EMD model: Start from zy € Q) and iterate

Thy1 = al‘genéin{)\k[f(%k) + (9k, © — )| + Brd(z) — Br—1la(zk—1;52)}, k=0,1,2,.....
x
The original MDM is obtained by taking f§; = 1. However, strategic choices of {3} permit
the same advantage as the DAM improving the original drawbacks on the MDM. In particular,
in contrast to known averaging techniques [43, 44], the iteration complexity O(1/e?) can be
guaranteed even if the feasible set () is unbounded.

We also show that Method I achieves the optimal iteration complexity in the strongly
convex case. This yields a new strongly convex extension of the DAM which ensures the
optimality without employing a multistage procedure in contrast to [33]. Moreover, it is
interesting to see that Method I with the EMD model in this case yields the results of the
Nedié-Lee’s averaging [43] and the Bach’s variant [3].

1.3.3 New convergence analysis and extended methods for structured prob-
lems

We also propose Method II for solving the structured problems which include the smooth and
the weakly smooth problems as well as their extension such as the composite structure, the
mixed smoothness structure, and the inexact oracle model. The class of structured problems
is basically a generalization of the inexact oracle model which permits new analysis of PGMs
and CGMs for the weakly smooth problems and the mixed smoothness structure.

Method II consists of two kinds of gradient-based methods, the classical and the modified
methods. The classical method with the DA and the EMD models yields the primal and
the dual gradient methods [17, 18, 53], respectively. The modified method includes the three
particular PGMs: the Tseng’s second APG method via the EMD model, the Tseng’s third
APG method via the DA model, and the Nesterov’s modified method via their hybrid (which
satisfies Property B). Moreover, the modified method with the EMD and DA models also
includes particular instances of the two Lan’s CGMs mentioned in the previous section. This
explains a relation between the Tseng’s APG methods and the Lan’s CGMs. In fact, their
general convergence analysis will be proceeded in a unified way.

The classical method of Method II is analyzed for the smooth/composite problems or the
inexact oracle model. We prove its rate of convergence recovering results for the primal and
dual gradient methods [17, 18, 53]. In the strongly convex case, our convergence estimate has
a better linear convergence factor compared to [53] and a better coefficient factor compared
to [17].

The modified method of Method II applied to the inexact oracle model yields a slight
improvement on the convergence estimate by Devolder et al. [17]. Moreover, our result applied
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to the smooth or the composite problems yields the same optimality result as the Nesterov’s
accelerated method [53]. As a consequence, we obtain strongly convex extensions of the above
mentioned three particular PGMs of the modified method.

The modified method of Method 1II is also analyzed for the weakly smooth problems and
the mixed smoothness structure. In particular, for weakly smooth problems we obtain new
optimal PGMs for strongly convex case with less prior requirements than the existing method
[45]. We also provide an analysis of CGMs including the Lan’s CGM for the weakly smooth
problems leading the same iteration complexity as the other CGMs [55]. We remark that
our result in the non strongly convex case is less practical because the attainment of the
optimality requires parameters in the Holder condition while some recent adaptive PGMs
[36, 54, 61] are freed from this requirement.

1.4 Outline of the thesis

This thesis is organized as follows.

We start Chapter 2 by fundamentals of convex analysis and optimization in particular for
first-order methods. The prepared materials on the convex analysis are simple. For instance,
we do not deal with duality theory of convex functions. Important notions are the strong
convexity (with the notion of the Bregman distance), the Lipschitz functions, and the class
F1(Q) of weakly smooth functions, introduced in Section 2.1. The oracle-based complexity
theory is described in Section 2.3. Then, important classes of convex optimization problems
and their known complexity results are shown in Section 2.4.

Chapter 3 reviews existing PGMs and CGMs. The methods which will be unified in the
next chapter are described in detail remarking their known convergence results. We focus on
the MDM, the DAM, and variants of the DAM for the non-smooth problems in Section 3.1.
In Section 3.2, we review gradient-based methods. In particular, we describe the primal and
dual gradient methods [18, 53], the Tseng’s APG methods, the Nesterov’s modified method,
and the Lan’s CGMs as unified in Chapter 4.

Chapter 4 is the main part of the thesis. In Section 4.2, we at first introduce the notion
of the strong convexity with respect to the prox-function, which generalizes the canonical
strong convexity in the Fuclidean setting. Using this notion, we define two classes of convex
optimization problems, namely, the classes of the non-smooth and the structured problems.

Sections 4.3 and 4.4 are the core of the unifying framework. We introduce Properties A
and B for auxiliary functions and we then propose Methods I and II. We show that sev-
eral subgradient-based methods arises as particular instances of the proposed methods (Sec-
tion 4.3.4). We also propose Method 4.3.5 as a novel extension of the MDM. Section 4.4
demonstrates a unified analysis of the proposed methods concluding general convergence
estimates.

Finally, our general convergence estimate is used to establish optimal complexity results
(or nearly optimal ones for CGMs) of the proposed methods for particular classes of convex op-
timization problems, namely, the non-smooth problems (Section 4.5), the smooth/composite
problems as well as the inexact oracle model (Section 4.6), and the weakly smooth problems
(Section 4.7). We compare our results with known ones reviewed in Chapter 3.

Chapter 5 discusses final concluding remarks on the unifying framework. Section 5.1
indicates a relationship with our unifying framework and the Nesterov’s estimate sequence
technique. We remark further considerable research directions in Section 5.2.



Chapter 2

Basic Theory

We collect basic tools of convex analysis and optimization, in Sections 2.1 and 2.2, necessary
to our development in the subsequent chapters. See, e.g., [5, 60] for fundamentals of convex
analysis. In Section 2.3, we introduce the notion of oracle-based methods and their iteration
complexity. We also define the proximal and the conditional gradient methods. Then, we
review important classes of convex optimization problems and known iteration complexity
results in Section 2.4.

Throughout the thesis, E denotes a finite dimensional real normed space endowed with
the norm ||-||. The dual space of E is denoted by E* equipped with the dual norm ||-||, on
E*:

|s]l, :== sup (s,z) (2.0.1)
=<1
where (s, z) is the value of the functional s € E* at x € E.

For a set A C FE, the interior, the closure, and the relative interior of A are denoted
by int A, cl A, and ri A, respectively. We denote the core of A by core A = {x € A | Vd €
E, dt; > 0s.t. Vi € [O,td], x+td e A}

2.1 Convex functions

A conver setis a set C' C E which satisfies az + (1 — a)y € C for all z,y € C and « € [0, 1].
For a function f : E — R U {+oo}, we define the domain of f by

dom f:={x € E: f(z) < +oo}. (2.1.1)

We call f proper if dom f # () (namely, f # +00). A function f: F — RU {+oo} is said to
be conver if we have

flac+ (1 —a)y) <af(x)+(1—a)f(y), Vr,y€ E, YVae0,1].

We say f is conver on a convex set Q if f is convex and Q C dom f.
The subdifferential of f : E — RU {400} at x € E is defined by

of(x):=={g€ E": f(y) > f(x) + (9,7 —y), Yy € E} (2.1.2)

and each element of Jf(x) is called a subgradient of f at x € E. We say that f is subdifferen-
tiable at x € E if 0f(x) # 0. The set of all points at where f is subdifferentiable is denoted
by

dom(0f) :={x € E|0f(x) # 0}. (2.1.3)



2.1  Convex functions

For a function f : E — R U {400}, the directional derivative of f at x € dom f along
d € F is defined by
f'(z;d) := lim f@+ad) — f(2)
al0 [0

(2.1.4)

if the limit exists.
Let f be a convex function. For 2 € dom f, the directional derivative f’(z;d) exists for
every d € E and the followings hold [60, Theorem 23.1]:

f(x +ad) — f(x)

f'(x;d) = inf - : (2.1.5)
f(z;d) > —f'(x;—d), Vde€ E. (2.1.6)

Taking d = y — z and o = 1 in the inequality (2.1.5) yields
fy) > f@) + f'(x;y —x), Veedomf, Vy € E. (2.1.7)

We say that f is (Gdteauz) differentiable at x € dom f if there exists Vf(x) € E*, the
gradient of f at x, such that f'(z;d) = (Vf(z),d) holds for all d € E. Tt is important to note
that a convex function f is differentiable at € dom f if and only if 0f(z) is a singleton; at
the same time, we have 0f(z) = {V f(z)} [60, Theorem 25.1].

Lower semicontinuity

We say that a function f : E — RU{+oo} is lower semicontinuous (lsc, for short) at a point
z € E if we have

f(x) <liminf f(y) :=sup inf f(y).
yow e>0 ly—=l/<e

f is said to be lower semicontinuous on S for a subset S C F if f is Isc at every point in S. It
is well-known that the following conditions are equivalent for any function f : F — RU{+4o00}
[60, Theorem 7.1]:

(i) fislscon E,
(ii) the level set {x € E'| f(z) < a} is closed for every a € R,

(iii) the epigraph {(z,t) € E xR | f(z) <t} of f is a closed subset of E x R.

Strong convexity

Let f : B — RU{+o00} be a convex function, @ (C dom f) be a convex set, and o be
a nonnegative real number. We say that f is strongly convex on @ with parameter o (or
o-strongly convex on @) if we have

flawt(1-a)y) < af(e)+(1-a)f(y)~ goa(l-0) |z~ y|*, Yo,y € Q, Ya e [0,1]. (2.18)

Therefore, f is O-strongly convex on @ if and only if f is convex on Q.

Proposition 2.1.1. Let f : E — RU {400} be a convex function and @ (C dom f) be a
convex set. Then, f is o-strongly conver on Q if and only if

F@) 2 S0+ Pz -9 + 5o lle -yl VeyeQ (219)
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Proof. (2.1.8) = (2.1.9). Pick z,y € Q. For any a € (0,1), the definition of the strong
convexity of f implies

fla+ (1 -a)ly—=)) —af(z)

fy) = o +ag flz—y|?
fl+(1-a)y —2)) - f(x)

— T2
= @)+ o +ad -y,

Taking « 1 1, we obtain the inequality in (2.1.9) (Note that the directional derivative f’(z;-)
exists since z € @ C dom f).

(2.1.9) = (2.1.8). Let z,y € Q and a € (0,1). Set z = ar + (1 — o)y € Q. Since
r—z=(1—-a)(z—y)and y — z = a(y — =), we have

(2.1.9) , o 9
f@) E fE) e+ el

= )+ A-a)f sz —y)+ (1 -a)PT |l -yl

S R - -y —n)+ (1 02 -y
and
(2.1.9) , o 9 , 50 9
W) F @ Pyt Dyl = £+ af (- 0) + T fly )
Thus,

af @)+ (1=a)f(y) = (=) + [al =) +(1=a)a?| o =yl = f(z) +a(l-a)Z |lo — y|.
(]

Strongly convex functions have a coercivity condition:

Proposition 2.1.2. Let f be a lsc o-strongly convex on a convezr set @ (C dom f) for a
positive constant o > 0. Then, for any sequence {x} C Q with |zk|| — +oo, we have
f(xg) — +oo. Therefore, for any o € R, the level set {x € Q | f(x) < a} is compact.

Proof. Since the assertion is clear if f = +o00, suppose that f is proper. Then, there exist
s € E* and 8 € R such that f(x) > (s,x) + 3 for every € E (see [60, Corollary 12.1.2]).
Fix a point £ € dom f. The strong convexity of f implies

fe+a)/2 < 36+ 3@ - 5 (1-3) G o —alP,

Then, for any x € ), we have

flz) = —f(@)+2f((x+7)/2) + % |z — z||”

> @2 ((sZ5) 4 8) + Tl - al?
_ _ o _
> —f@) = sl =+ 2l = 28+ L (ll=] - [1])*
_ _ 2 _
> —f@) = sl (=l + 120) = 28+ 7 (el = [2[)*
This inequality implies for any {z;} C @ with ||zg| — +oo that f(zx) — +oo. O

10



2.1  Convex functions

Bregman distance

Let @ be a convex set and f be a o-strongly convex function on Q C dom f for a positive
constant . Suppose that f is differentiable on @}. Now we define a distance-like function,
called the Bregman distance [11] (or Bregman divergence) associated with f between z,y € Q,
by
Dy(y,z) == f(z) = f(y) = (Vf(y),z—y). (2.1.10)
The domain of D¢(y, z) is replaced by ri @ x Q if f is essentially smooth relative to @, that is,
f is differentiable on ri Q and limy_,~ |V f(xk)||, = +00 whenever {z}} C riQ, zp — Q\riQ.
For each y € @, the function Dy(y,-) is o-strongly convex on @ with the derivative
VeD¢(y,z) = Vf(x) — Vf(y). The following invariances are sometimes useful:

DDf(Z,.)(yja:) = Dy¢(y,7), Dyoy—aly,r) = Df(y,x), Vz,9y,2€Q, Va € R. (2.1.11)

By Proposition 2.1.1 and the definition of V f(y), we have
1
Di(y.a)> Lol — ol VryeQ (2.1.12)

In particular, the equality Ds(y,z) = 0 holds if and only if x = y. We say D; grows
quadratically on QQ with a constant A > 0 if we have

1
Dy(y,) < gAllz —y[*, Vay€Q. (2.1.13)

The following examples of Bregman distance are well-known.

Example 2.1.3.

(1) Euclidean setting. Suppose that E is a Euclidean space, the norm ||-|| is induced by its
inner product, and f(x) = % Ha:||2 Then, for z,y € E, we have

1 2
Dy(y,x) = B |z —yl”.

(2) Let E = R™ be equipped with the ¢;-norm ||z|| := Y37, |2()|. Let A,, be the unit simplex
in R™, that is, A, = {z = (zW,...,2M) e R* | 327 2 =1, 2 > 0}. The function
fx) = 37 2@ loga® (where 0log0 := 0) is essentially smooth relative to A, and 1-
strongly convex on ri A,, (see [6, Proposition 5.1]). The Bregman distance associated with f
between z € A, and y € ri A, is given by

200
B)

Dy(y,z) = 2% log y(
=1

Lipschitz functions

Let f: E — RU{+o0} and @ C dom f. We say that f is L-Lipschitz on Q with constant
L>0if

[f(@) = fW)l < Lllz—yl, VoyeQ.
The constant L is called a Lipschitz constant of f on Q. The following fact shows a relation
between the least Lipschitz constant and the greatest norm of subgradients.

11
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Proposition 2.1.4. Let f: E — RU {400} be a proper convex function. Denote

14(Q) = sup LE =IO hr o) —supllgl, |2 € @, geof@).  (2114)
age =l
zFy

(i) For any set @ C dom f, we have My(core Q) < L#(Q).
(i1) For any set Q) C dom(0f), we have L;(Q) < M¢(Q), that is, f is My (Q)-Lipschitz on
Q.
In particular, we have Ly(int(dom f)) = M(int(dom f)).

Proof. (i) Take x € core@ and g € 0f(x). By the definition of the dual norm, it suffices to
show

(9,y) < Ly(Q), VyeE, |y|<1.

For any y € E with ||y|| < 1, there exists ¢ > 0 such that = + ty € Q (because x € core Q).
Then,

fletty) = f(z) _ Ly(@)l(z +ty) — |
t - t

(96 = 5 (9, (& + 1) — 2) < = L4(Q) Iyl < L4(@).

(ii) Take z,y € Q C dom(9f) and g € df(x). Then,

f(@) = f(y) < (g2 —y) < gl [z —yll < Mz -yl

Similarly, f(y) — f(z) < L ||z — y|| follows by taking ¢’ € 0f(y). O

Holder condition: Class F},(Q)

Here we introduce a class of convex functions satisfying the ‘Holder condition’ on which we
develop a complexity theory and efficient first-order methods.

Definition 2.1.5. Let f : E — RU {+o00}. We say that f belongs to the class Fy;(Q) for
coefficient M > 0 and exponent v € [0,1] if f is a convex function with @ C dom(df) such
that

Hgl — ggH* <M le — .%'2””, Vx,; € Q, ng' S af(l'z) (2.1.15)

When v = 0, the condition (2.1.15) becomes
Hgl - gQH* S M? VfL‘Z c Q7 ng S af<mz)

For instance, if M := M(Q) defined in (2.1.14) is finite, then we have f € 79,,(Q) because

lgr = g2l < llgull, + llg2ll. <2M for any z; € Q, gi € Of (z:).

When v > 0, the condition (2.1.15) implies the differentiability of f on @ since Jf(x)
becomes a singleton for all z € ). In this case, the class F};(Q) is the one of differentiable
convex functions on @) satisfying the Hélder condition:

IV5(@) = V@)L < Mo —gll”, Va,y€Q. (2.1.16)
The Lipschitz condition |V f(x) — Vf(y)|, < M|z —vy| (z,y € Q) is a special case v =1

in the Holder condition.

12
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Proposition 2.1.6. Let f be a convex function belongs to the class F},;(Q) for M >0 and
v € [0,1]. Then, we have

flx) < f(y) + {9y, —y) + lz —y||'"t", Va,y€Q, Vg, € 0f(y)

1+v

Proof. When v = 0, we have for any subgradient g, € 0f(z) that

f@)=f(y) <=9,y —2) = (99T —Y) + {9z — 9y, T —y) < (gy,x —y) + M |lz —yl| .

Here, the last inequality follows from the fact (s,z) < ||s|, ||z|| and the condition (2.1.15).
When v > 0, on the other hand, f(z) is differentiable on @ and thus

f@) — fy) — (Vi@)o—y) = /0 (Vi + @ —v)) - VI@),x - y) dr
< [ I9S+ - 9) = VI o -yl dr
0

< [ a eyl ar = 2y
0 1+I/

2.2 Convex optimization problems

Throughout this thesis, we focus on the conver optimization problems which is formally
written by
minimize  f(x)

subject to z € @ (2.2.1)

or, simply, by mingeq f(x), where f : E — R U {400} is a Isc convex function called the
objective function and @) C dom f is a closed convex set called the feasible set. The objective
of the problem (2.2.1) is to find the optimal value infycq f(z) and/or an optimal solution
x* (the point in @ attaining the optimal value) if it exists. The set of optimal solutions is
denoted by
Argrgin flx):={2"€Q: f(x) > f(z¥), Yz € Q}.
HAS

We use the notation argmin,cq f(z) as an (arbitrary) element in Argmin,cg f(z) when the
observation is independent of the choice of the element.

For given ¢ > 0, we say that a point & € @ is an e-solution to the problem (2.2.1) if
f(2) —infyeq f(z) < e. In this thesis, we study algorithms of constructing an e-solution for
given accuracy €.

The following lemma gives a basic optimality condition of the convex optimization problem
(2.2.1).

Proposition 2.2.1. Let f: E — RU {400} be a proper convex function and Q be a convex
subset of dom f. Then a point * € Q is an optimal solution to the problem mingecq f(z) if
and only if

fl(z*2—2") >0, VreqQ. (2.2.2)

13
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Proof. Suppose that z* satisfies (2.2.2). Since z* € dom f, for every = € @), we have

(2.1.7) (2.2.2)
f@) > f@")+ f@he—a) > f@)

Namely, z* is an optimal solution.
Now let us assume that the point z* does not admit the condition (2.2.2). Namely, we
assume the existence of a point € ) such that

0> fl(z%z — ") :1}%1 fla” £t ;j))_f(x ).

*

Then, for sufficiently small ¢t € (0,1] we have 0 > f(m*“(w*;i))_f(z*), and therefore f(z* +
t(z —2*)) < f(x*). Thus, z* is not optimal since z* + t(z — z*) € Q. O

The compactness of the feasible set in convex optimization problems ensures the existence
of an optimal solution as described in the following statements.

Proposition 2.2.2 (Proposition 2.8 in [5]). Let X be a compact topological space. Then a
real valued lsc function on X attains its minimum on X.

Corollary 2.2.3. Let f : E — RU {400} be a proper lsc convex function and Q(C dom f)
be a compact conver set. Then, f attains its minimum on Q.

The next property of a minimization of a strongly convex function is useful for our devel-
opment.

Proposition 2.2.4. Let f be a lsc o-strongly convez function on a closed convex set Q(C
dom f) for a positive constant o > 0. Then, f attains a unique minimum z* on Q). Moreover,
we have

J@) 2 f@) + 5 eI, Ve e Q.

Proof. Take a point xp € @ C dom f. By Proposition 2.1.2, the level set Q' := {z € Q |
f(z) < f(zo)} is compact. The optimization problem min,cqg f(x) is equivalent to the one
mingeq f(2) and thus the existence of an optimal solution z* is guaranteed by Corollary 2.2.3.
The optimal solution is unique because strongly convex functions are strictly convex.
Finally, using Proposition 2.1.1 and the optimality condition (Proposition 2.2.1) prove
the assertion. (]

2.3 First-order methods

In this section, we introduce the concept of oracle which is used to define iterative methods
and their iteration complezity. We prepare the following objects.

e Let @ C FE be a closed convex set and F be a family of Isc convex functions. It defines
the family of convex optimization problems {mingcq f(x) : f € F}.

e Let O be a mapping defined for points on F x E which we refer an oracle for the class
F. The oracle O is said to be local if we have O(f,x) = O(g,z) whenever f,g € F
satisfies f = g on a neighborhood of x € E. An important example of an oracle is the
first-order oracle O(f,z) = (f(z),g(x)) where g(x) € 0f(x). Remark that a first-order
oracle is not necessarily local if there is a convex function f € F such that df(x) is not
a singleton.

14



2.3  First-order methods

With the above notations, an iterative method for the family {mingcq f(x) : f € F} associated
with the oracle O is a sequence M = {Xj}i>0 of functions X (corresponding to k-th
iteration); then, for each f € F, the iterative method M generates a sequence {xp} C Q
defined by

where the initial point zq is fixed by the iterative method M. In particular, an iterative
method associated with a first-order oracle is called a first-order method.

We define the iteration (or oracle-based) complexity of the method M for an accu-
racy € > 0 by the smallest integer k£ such that the k-th result of M is an e-solution of
mingeq f(x) for every f € F. The iteration (or oracle-based) complexity of the class of prob-
lems {mingcq f(z) : f € F} associated with an oracle O and an accuracy ¢ > 0 is the least
integer k among iterative methods M which finds an e-solution within k calls of oracle for
every problems mingcq f(z), f € F.

2.3.1 Proximal and conditional gradient methods

The iteration complexity measures the performance of methods by counting the number
of calls of an oracle. Therefore, it is independent of the ‘cost’ of the computation at each
iteration. Let us see a basic iteration of first-order methods and observe the cost per iteration.
Many of existing first-order methods solving the convex optimization problem min,eq f(z)
are variations of the following basic iteration.

1. Obtain the result of the (first-order) oracle at the test point zy.

2. Construct an auziliary function p(x) based on the oracle’s answer and the information
until the previous iteration.

3. Solve the subproblem min,cq ¢r(z) and find a solution z; € Argmin,cq @r(z).
4. Update the next test point x4 based on the previous results.

The auxiliary function ¢ (z) (or the subproblem mingcg ¢x(z)) will be a kind of approxi-
mation of the objective function f(z) (or the problem min,cq f(z)) based on the previous
information. In some actual methods, the steps 2 and 3 may involve multiple subproblems
using several auxiliary functions.

The construction of ¢ (z) is an important factor which affects the difficulty of solving
the subproblem min,cq i () at each iteration. According to the construction of auxiliary
functions, there are two major kinds of first-order methods.

o Proximal (sub)Gradient Method (PGM)is an iterative method which solves subproblems
of the form

;r?g{(s, z)+d(z)}, seFE* (2.3.1)

at each iteration; the function d : E — R U {400} is called the proz-function and
assumed to satisfy:

— d is differentiable and o4-strongly convex on @ (with o4 > 0), and

— we have min,eq d(x) = 0.

15
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The second condition is not restrictive because we can replace d(z) by d(z)—min.cq d(z)
or by Dgy(z,x) for arbitrary z € @; this replacement change neither the convexity
parameter o4 nor the Bregman distance Dy(y, z) (recall (2.1.11)).

It is preferable to choose the prox-function so that the subproblem (2.3.1) can be easily
solvable. The choice will depend on the structure of the feasible set. See [50] for some
examples.

An illustrative PGM is the projected subgradient method for a convex function f on
Q@ in the Euclidean setting: Start from an initial point ¢ € @ and iterate zyi1 =
oz — Akgr) with gy € O0f(xx) and Ay > 0 (a weight parameter). Here mg(x) =
argmin,cq [|7 — y||, is the orthogonal projection onto Q. The projected subgradient
method can be rewritten as

. . 1
T4y = argmin ||z — (z) — )\kgk)Hg = argmin {f(mk) + {gr,x — x) + N |z — kag}

T€Q z€Q
(2.3.2)
which becomes of the form (2.3.1) with s = Aggr — xx + 2o and the prox-function
1 2
d(z) = 5 ||z — zoll3-

o Conditional Gradient Method (CGM) is an iterative method which solves a linear opti-
mization of the form

i € E* 2.3.3
Ig;nelg (s,xz), s ( )

at each iteration. In this case, we assume the boundedness of () to ensure the existence
of an optimal solution of the subproblem. The following CGM, the classical CGM,
proposed by Frank and Wolfe [21] is the most basic one: For a differentiable convex
function f on @, start from an initial point zg € @) and iterate

2K € Argmin <Vf(1‘k), T — $k> ,  Th4l = (1 — Tk)xk + TLZE
z€Q

where 7, € [0,1).
The CGMs have received great attention in past few years due to its advantage such as

the cheap iteration cost and sparsity of the approximate solution (see, e.g., [14, 28, 31,
32)).

A remarkable difference between the above two first-order methods is that the CGMs
would have worse iteration complexity than the PGMs while the computational cost of each
iteration of the former can be cheaper, compensating the overall cost. Therefore, it is impor-
tant to choose between the PGM or the CGM depending on the structure of the problem to
solve.

The PGM and the CGM can be extended to be composite-type when the objective function
f(z) has a composite structure, as we introduce next. Because our definition does not allow the
composite-type PGM/CGM to be a first-order method in general, we refer comprehensively
to all these kinds of methods as (sub)gradient-based methods.

2.4 Classes of convex optimization problems
Here we collect important classes of the convex optimization problem (2.2.1) below mentioning

known subgradient-based methods and their complexity guarantees. We will review further
details of some existing methods in Chapter 3.
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2.4 Classes of convex optimization problems

Non-smooth problems

Consider a convex optimization problem (2.2.1) where the objective function f is subdiffer-
entiable on Q). Let us employ the first-order oracle O : = — (f(x), g(x)), g(x) € 0f(x).

Important (optimal) PGMs are the Mirror-Descent Method (MDM) proposed by Nemirovski-
Yudin [46] and the Dual-Averaging Method (DAM) proposed by Nesterov [52]. If we further
assume the boundedness condition

lgll. < M, Vg € 0f(z), Vz € Q (2.4.1)

for a constant M > 0, the MDM and the DAM for this class of problems have the following

iteration complexity:
M?R?
(@) 2.4.2
(*5) (24

where R := 4/ %. This upper bound is optimal in the sense that the iteration complexity

for this class of problems has the lower bound min{n — 1, ©(M2R?/e?)} due to a worst case
analysis (see, e.g., [49, Theorem 3.2.1]).

When the objective function f is further strongly convex on @ with constant o > 0, the
MDM [43] ensures the iteration complexity

0 <M2> (2.4.3)

O'f€

which is optimal for the strongly convex case [33].
We remark that the class of non-smooth problems is a subclass of weakly smooth problems
introduced later.

Smooth problems

Let us consider the class of convex optimization problems mingeq f(z) with objective func-
tions f € F}(Q); that is, f(x) is differentiable on Q and V f(z) satisfies the Lipschitz condi-
tion |V f(z) = Vf(y)l|l, < Lz —vyl|, Vz,y € Q with constant L > 0. Again, we employ the
first-order oracle O : x — (f(x), Vf(x)) for this class.

In the Euclidean setting, the smooth problem is the most basic one in the examples here.
In this case, the iteration complexity for the smooth problems has the lower bound

o({E) "

where R = [|xg — 2*||, (if n is large enough; see [49, Theorem 2.1.7]). The first optimal PGM
were established by Nesterov [47] for this case and many other optimal PGMs are known
(e.g., [2, 4, 38, 49, 50] and see known methods for extended classes below).

When we further restrict the objective functions to be oy-strongly convex for a constant
or > 0, the following lower complexity bound is known [49, Theorem 2.1.13]:

) <\/Tlog 1) . (2.4.5)
of 9

Nesterov established optimal PGMs [47, 49, 53] and several other optimal PGMs are known
which are available for further extended problems [12, 15, 17, 26].
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For CGMs, there are many considerations on the Frank-Wolfe method (see, e.g., [16, 19,
21, 22, 35, 55, 57]) whereas several new variants were investigated recently [24, 35, 55]. They

ensure the iteration complexity
o (LDlam(Q)> (2.4.6)
€

for the smooth problems where Diam(Q) := sup, ,eq ||z —y[| (for any norm |[-[[). This
upper bound is known to be optimal in view of the iteration complexity based on the linear
optimization oracle [35).

Weakly smooth problems

Consider the convex optimization problems mingeq f() with objective functions f € F§, ! (Q),
p € [1,2]. Notice that the above introduced class of problems, the non-smooth and the smooth
ones, are subclasses of this case by setting v = 0 and v = 1, respectively.

For the weakly smooth problems, Nemirovski and Nesterov [45] (see also [20, Section 2.3])
proposed an optimal PGM with the optimal iteration complexities

cl(p)<MRp>3”2_2 and  cs(p) (MQ L ) (2.4.7)

£ 0P £2-p

dg;), p=14+ve
[1,2), ¢1(+),c2(:) are continuous functions, and o > 0 is a convexity parameter of f with
respect to the norm ||-||. The proposed method is further applicable for more general classes of
problems. Moreover, Nesterov [54] proposed the PGM, called the universal gradient method,
for the non strongly convex case which ensures the optimal complexity even if we do not know
M and v, that is, the method adapts these parameters. The works [36, 61] also proposed
adaptive PGMs.

The studies [17, 18] of the inexact oracle model are also important. They proposed an
optimal method for weakly smooth problems in the non strongly convex case and a sub-
optimal one in the strongly convex case (PGMs for uniformly convex functions are also
discussed).

There are analysis of CGMs for the weakly smooth problems and the following iteration
complexity is known (see [14, Proposition 1.1] and [55])

o (Mm@, 245

When FE is the vector space R™ equipped with the {o-norm ||| :== ||-|| ., this bound is known
to be nearly optimal [27, Corollary 1].

for non strongly and strongly convex cases, respectively, where R :=

Composite structure

Let us fix a lsc convex function ¥(x) on (. Consider an objective function f(x) with a
composite structure:

f(x) = fo(x) +¥(x) (2.4.9)

where fo(z) is differentiable on Q.
As we fixed the function ¥(z), we consider a special kind of oracle and iterative method.
Let us employ the oracle O : = +— (fo(z), V fo(x)), which is not necessarily a first-order oracle

18



2.4 Classes of convex optimization problems

for f. We consider a generalization of the PGM and the CGM as follows. A composite-type
PGM is an iterative method whose iterations involve subproblems of the form

;r&ig{(s,@ +ad(z)+¥(x)}, s€FE*, a>0 (2.4.10)

while a composite-type CGM equips the subproblems

géig{(S,x) +¥(z)}, sePF. (2.4.11)

The smooth problems are included in this class with the case ¥(z) = 0. Another illus-
trative example is the so called Lasso regularization, i.e., fo(x) = ||Az 4 b||3 and ¥(z) =
zl, = S0, [2@] (for # = ()7, € B := R", A € R™", and b € R™), which arises
from image/signal processing, compressed sensing, statistics, and so on. The corresponding
subproblem (2.4.10) for PGMs in the Euclidean setting is easily solvable with the cost of
O(n). See [10] for examples of composite structure and the solvability of subproblems.

Mathematical fundamentals of the composite structure and the composite-type PGMs
were investigated by Fukushima and Mine [23] and also by Nesterov [53] without assuming
the convexity of fo(z).

Under the assumption fo(z) € F}(Q), there are many composite-type PGMs for this
problem [7, 23, 53, 58, 59] and they provide the same iteration complexity as the optimal
one for the smooth problems in the non strongly convex case. Nesterov [53] further proposed
an optimal method for strongly convex composite problems in the FEuclidean setting. The
PGMs [12, 15, 26] are also applicable to this problem ensuring the optimal complexity.

Nesterov’s universal gradient method [54] is a composite-type PGM for the case fy €
F7;(Q) which ensures the same complexity as the optimal one for the weakly smooth problems
in the non strongly convex case.

The smoothing technique proposed by Nesterov [50] and its extension [9] by Beck and
Teboulle for a special form of ¥(x) are also important because of their significant advantage
in efficiency, which have further consideration in the strongly convex case [51].

Composite-type CGMs were investigated in [1, 3, 24, 55]. A duality relationship to the
MDM were shown in [1, 3].

Mixed smoothness

Suppose that f(z) has the form

f@) = p(a) +¥(x), ¢(x) € FL(Q), (=) e Fy(Q). (24.12)
This class of convex functions covers the classes of the non-smooth and the smooth problems
with applications as the composite structure. Lan [34, 37] proposed PGMs for this class in

the non strongly convex case (with further stochastic settings). The works by Ghadimi and
Lan [25, 26] employed a more general assumption

F) < F@) + gy — )+ 5l —ylP + Mz —yll, VeyeQ  (2413)

where g(z) € df(x) is a subgradient mapping of f (In the original papers [25, 26], this class
was considered with the composite structure and a stochastic setting).
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Chapter 2 Basic Theory

In the Euclidean setting, it turns out that the iteration complexity of PGMs for the class
of convex functions satisfying (2.4.13) (or (2.4.12)) cannot be better than

2 2 p2 / 2
O(\/LR —|—M2R> andO( Llogl—i-M)
€ € oo e pe

in the non strongly and strongly convex cases, respectively (again R := ||zg — z*|,). Optimal
PGMs were presented in [12, 25, 26, 34, 37].

Inexact oracle model

In the Euclidean setting [|-|| = [|-[|,, suppose that f(z) is equipped with a first-order (9, L, u)-
oracle [17], i.e., for each y € @), we can compute (f(y),g(y)) € R x E* such that

_ L
% lz —ylls < f(z) — (Fy) + (G(y),z —y)) < 3 llz = yll3 +6, Vreq, (2.4.14)

where 6 > 0 and L > u > 0.

The inexact oracle model was firstly studied by Devolder et al. [18] with 4 = 0 and they
proposed the classical and the fast (proximal) gradient methods which were extended to the
strongly convex case in [17]. A CGM for this model in the case = 0 was analyzed by [22].

The inexact oracle model can be applicable to situations when an oracle is computed by
an auxiliary optimization problem (e.g., saddle point problems, Augmented Lagrangians, and
Moreau-Yoshida regularization; see [18]). Another interesting application is an approximation
of the weakly smooth problems via the inexact oracle model. This enables to give an optimal
and a nearly optimal PGMs for the weakly smooth problems in the non strongly and the
strongly convex cases, respectively [17, 18].
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Chapter 3

Subgradient-Based Methods for Convex
Optimization Problems

In this chapter, we review particular existing subgradient-based methods for convex opti-
mization problems and discuss their iteration complexities. Many of these methods will be
unified in the framework investigated in Chapter 4.

We review details of existing methods for which we have particular interest to compare
with the contribution of this thesis. See Section 2.4 for more general backgrounds.

Section 3.1 focuses on the non-smooth problems. We in particular review the mirror-
descent method (Section 3.1.1) and the dual-averaging method (Section 3.1.2). Section 3.2
reviews PGMs for the smooth or further structured problems. Staring from the so called
classical PGM in Section 3.2.1, we deal with their accelerated methods in Section 3.2.2. We
finally focus on existing CGMs in Section 3.2.3.

3.1 Proximal subgradient methods for non-smooth problems
For a closed convex set () C E, consider the non-smooth problem

min f(z)

where f(z) is a subdifferentiable convex function on ). We assume that there exists an
optimal solution z* € Argmin, ¢, f(z).

In this section, we review two important (optimal) PGMs, the mirror-descent and the
dual-averaging methods. We assume that we have a subgradient mapping g : Q@ — E*,
g(z) € 9f(x) and a prox-function d(z) on Q. We denote the Bregman distance associated
with d as

§(y, ) :=d(z) — d(y) — (Vd(y),z — y) .

3.1.1 Mirror-descent method

The Mirror-Descent Method (MDM) is a PGM proposed by Nemirovski and Yudin [46] and
reinterpreted by Beck and Teboulle [6] in the form as follow: Generate {zj}r>0 C @ by
To = argmin, . d(x) and the iteration

gk = g(zx) € Of (z1)
z = argmingeo{Aulf(zk) + (gr, z — k)] + {(2k, )} (3.1.1)
Th+1 = Rk
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Chapter 3 Subgradient-Based Methods for Convex Optimization Problems

for each k > 0, where A\ > 0 is a weight parameter. The notation zj is redundant here,
but it is important to connect with our unifying framework developed in Chapter 4. Notice
that, by the definition of the Bregman distance, the computation of z; reduces to the form
of (2.3.1) so that it is a PGM.

The parameter A is also referred to as a stepsize; the MDM in the Euclidean setting [|-|| =

|-l d(z) := % |z — 330||§ yields the projected subgradient method zyy; = mQ(zr — Akgk)
in view of (2.3.2) (see also Auslender-Teboulle [2] and Fukushima-Mine [23] for some related
works).

The MDM produces the following estimate [6]:

kN f 20, 2%) 4 5= S8 A2 ||gi |
Wk > 0, AMZZL%QIQQ—f@ﬂgg(O ) &ﬁz“OZMMf
D icoNi 2imo i
It is important to note that, by the convexity of f, the quantity Ay provides an approximate
solution N
Iy
@M:Z%ﬁlﬁ (3.1.3)
>imo N
yielding the estimate f(Zj) — f(2*) < Aj. We can also obtain the estimate ming<;<y f(z;) —
f(z*) < Ag. Therefore, let us focus on the right hand side of (3.1.2).
Suppose that M := sup{||g|l, : g € f(z), x € @} is finite and we know an upper bound
R>, /U%ig(xo, 2*). Then, the inequality (3.1.2) yields A, < vV2MR/vE + 1 if we choose the

constant weight parameters

(3.1.2)

V204R
Mvk+1

for a fixed k& > 0. In this case, the MDM ensures an e-solution with at most O(M?R?/c?)
iterations which provides the optimal complexity for the non-smooth case.

The above choice (3.1.4) of weight parameters, however, is impractical since it depends
on the final iterate k and an upper bound for \/&(xg,x*)/04. A more practical choice \; :=
~v/v'i+ 1 for some r > 0 only ensures an upper bound

E(x, %) + (209) 12 M?(1 + log(k + 1))
2y(Vk+2-1)

for the right hand side of (3.1.2). It is important to note that, however, when the feasible
set @ is compact, the weight parameters \; := v/vi+ 1 (v > 0) ensure the convergence
f(@r)— f(z*) < O(1/Vk) for special weighted averages Ty, of xq, ...,z [43, 44]. For instance,
with the Nedié-Lee’s averaging [43, eq. (17)]

Ao =Ap ==\ = (3.1.4)

= O(log k/Vk)

k
_ 1 »
im0 =0

the MDM with the weight parameters A; := v/v/i + 1 (7 > 0) ensures the estimate

D} 2
F(@) — f(a*) < (f+ M ) 5

y o4 2vEk +1

for all k > 0, where Dg = sup, e (T, y) E\Z}[?z), Corollary 2]. The choice v := D¢ /oq/M
3 ¢
3/oa Vit

leads this upper bound to its minimum (with respect to 7).
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3.1 Proximal subgradient methods for non-smooth problems

The MDM for strongly convex case

The MDM also attains the optimal iteration complexity in the strongly convex case. Let
us further assume that we know a convex1ty parameter of > 0 of f(x) on @ and that the
quadratic growth condition &(y,z) < 3|z — yl?, Vz,y € Q holds. Then, [43, Lemma 3]
shows that the Nedié-Lee’s averaging (3.1.5) of the MDM with weight parameters {\g}r>0
satisfying

1- 1
Ak=%7 ag=1, o €(0,1], #S—W VE >0
af Qg ag
ensures the estimate
M2
f(@) = f(@*) < (k+1)aj , Vk>0. (3.1.6)
2004
2
For instance, the choice A := ?1% where tg 1= 1, tgy; = EAVA S 21+4t’“ (k > 0) leads the estimate
(3.1.6) to
~ . 2M? ~ . AM?
@) — f(a) < 1Fk — 2| (3.1.7)

oqof(k+1) - Uda]%(k:—f—l)’

for all k > 0. Therefore, the MDM guarantees the optimal iteration complexity O(M?/(c40f¢))
in the strongly convex case (see also [42, Proposition 2.8] for a related result). Bach also an-
alyzed the choice \; = ﬁ of the MDM for a special form of strongly convex objective
function [3, Proposition 3.1]. He proved almost the same estimate as (3.1.7) for the approxi-
mate solution

k
= GO k+2 ;z—kl (3.1.8)

which is slightly different from the Nedié-Lee’s averaging m Zfzo(i +2)x; (3.1.5).

3.1.2 Dual-averaging method and its variants

The Dual-Averaging Method (DAM) proposed by Nesterov [52] is an optimal PGM which
overcomes the dependence of weight parameters of the MDM on the iteration counter k£ and
achieves the rate of convergence O(1/vk) even if Q is unbounded. This method employs a
non-decreasing sequence of positive numbers {fy }r>—1 (Bk+1 > Bk > 0), the scaling parame-
ters, in addition to the weight parameters {\x}r>o0.

From the initial point z¢ := argmin ., d(z) € @, the DAM is performed by the iteration

gk = g(zk) € Of (wy)
2= argmingeq { Db Mlf(2:) + (g1 @ — )] + Brd(w) } (3.1.9)
Tkl = 2k

for each k£ > 0.

It is important to note that the difference between the MDM and the DAM is the con-
struction of the subproblems. They solves subproblems of the form z := argmin, ¢ k()
defining auziliary functions in their methods, namely, ¢ (z) is defined by

o) = M\ (f(wk) + (9> T — 1)) + (TR, T) (3.1.10)
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Chapter 3 Subgradient-Based Methods for Convex Optimization Problems

in the MDM and

k
o) =Y Nl f(@i) + (g — 23) + frd() (3.1.11)
i=0

in the DAM, where gy := g(z1) € Of (z).
Nesterov proved that the following general estimate for the DAM (set D = d(z*) in [52,
Theorem 1 and (3.2)]):

* 1 k /\12 112

3.1.12
SF o SEon (3112

In order to ensure the rate O(1/ \/E) of convergence, we do not even need a prior knowledge
of an upper bound for \/{(zp,x*)/0g in contrast to the MDM; for instance, choosing A := 1

and S := ’yBk where v > 0 and

By = Fo:=1, Brp1:=Be + B, Yk >0, (3.1.13)

the estimate (3.1.12) yields

M? 542k +1
Wk > 0, Ak§<yd(x*)+ >O5+ 1

2047 kE+1

If we further know R > / Uidd(:):*), the choice v := \/ij‘fd 7 vields Ay, < %0‘5% V21k+1 achieving

the optimal iteration complexity O(M?2R?/<?) to obtain an e-solution.

Nesterov and Shikhman [56] further proposed variants of the DAM, the double and triple
averaging methods, in order to obtain convergence results for the sequence {z}}. The double
averaging method [56, eq. (28)] iterates starting from xg := argmin ¢ d(x) € Q as follows:

z = argmin pg(x), k1= (1 —7%)zK + 762K, k=0,1,2,... (3.1.14)
z€Q

where 7, 1= Ap11/ ijol Ai and @g(z) is defined by the auxiliary function (3.1.11) used in
the DAM. This method bounds the difference f(xr) — f(z*) by the same value as the right
hand side of (3.1.12) [56, Theorem 3.1] for all £k > 0. Hence, it achieves the optimality. The
triple averaging, which is a modification of (3.1.14), allows further flexibility on the choices
for {\x} and {B;} [56, Theorem 3.3].

Now, suppose that the objective function f(x) is strongly convex with constant oy > 0
on @. Juditsky and Nesterov [33] proposed a multistage procedure (or restarting technique)
of the DAM which can be applied to this case (The original method is further applicable to
uniformly convex functions, a generalization of strongly convex ones). This procedure ensures
the optimal iteration complexity O(M?/(c40¢¢)) in the strongly convex case using the prior
knowledge of M, o, and R > ||xg — x*||.

3.2 Gradient-based methods for smooth/structured problems

In this section, we review gradient-based methods for smooth problems or further structured
ones (namely, weakly smooth problems, composite structure, and inexact oracle model). Let
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3.2 Gradient-based methods for smooth/structured problems

us consider a closed convex set Q C E equipped with a prox-function d(z). We consider
gradient-based methods for the convex optimization problem

min f(z

i /()

where f(z) is a lsc convex function on (). Additional assumptions ((weak) smoothness,
composite structure, and so on) will be specified corresponding to each method.

3.2.1 Classical proximal gradient methods

Let us begin by the most basic gradient method, the steepest descent method in the Euclidean
setting (|||l = ||l,): For an unconstrained minimization minger» f(z), f € F}(R"), start
from xg € R™ and iterate xpy1 := xp — %Vf(xk). Since zp11 = 9 — %Zf:o iV f(zi), it
can be rewritten into two ways:

s = arguin W) + (9 Fn) o - o] + 5 o - ol
zeR™

zeR™

k
= arguin {Z MA@ + (V5 ()2~ )] + 5 o - xon%} -
1=0

Notice that the first and the second expressions of zy; are the iterations of the MDM (3.1.1)
and the DAM (3.1.9) (with replacing A\ by \x/L and letting 8 = 1), respectively.

The steepest descent method were extensively considered with a composite structure or
an inexact oracle model as explained below.

Primal and dual gradient methods for composite problems

Consider the composite structure (2.4.9), namely, f(z) := fo(x) +¥(x) where f € F}(Q) and
W(x) is a lsc convex function on @. Nesterov [53] proposed the following (composite-type)
PGMs, the primal and the dual gradient methods (for known Lipschitz constant L), in the
Euclidean setting: Start from zg € ) and generate {xj}r>0 by

L
primal gradient method : x4 := argmin {fo(xk) + (Vfo(zk),x — x) + 3 & — x5 + Lp(x)}

T€Q

(3.2.1)
or by

z€Q

k
L
dual gradient method : x4 := argmin {Z[fo(l"z) +(Vfo(zi),z —x;) + ¥(x)] + 5 |z — xoll3

i=0
(3.2.2)
These updates do not involve weight parameter A; while the original methods involve the Ax

if we employ a line-search procedure to estimate an (unknown) Lipschitz constant L.

Remark 3.2.1. In the original (primal) gradient method (3.3) in [53], replacing (yx, My, L)
by (zg, L, L) yields the above description of the primal gradient method. Similarly, the dual
one is obtained by replacing (vy, My, Li) of (4.4) by (zy, L, L). Moreover, the notation y; in
(4.4) is referred to as wy, below.
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Chapter 3 Subgradient-Based Methods for Convex Optimization Problems

Nesterov showed the following estimate of the dual gradient method (One can take 7, — 1
in [53, eq. (4.8)]):

win, f(u) — fa") < 20—l

2.
0<i<k 2(k+1) (32:3)

for all k£ > 0, where wy, := argmin, ¢ {fg(xk) + (Volzk),x — ) + & ||z — x5 + W(x)}

The primal gradient method were analyzed by Beck and Teboulle [7, 8] in the case when
@ = R™ and ¥ is subdifferentiable on dom¥. In this case, the primal gradient method
generates {zy }r>0 satisfying

L ||zo — 2*||3
20k + 1)

for all £ > 0 [8, Theorem 1.1]. Note that the primal gradient method generates the test
points {zy} such that f(zr11) < f(zx) due to Proposition 2.1.6. Therefore, using the same

f(@rga) = f(2") <

notation wy := argmin,c {fo(l‘k) + (Vfolzr),z —zp) + & ||z — |3 + W(x)} (= Tg41) as
above, we see that both the primal and the dual gradient methods admit the estimate (3.2.3).

Nesterov showed the following linear convergence of the primal gradient method in the
strongly convex case (Again, take v, — 1 in [53, Theorem 5]). Suppose that f(x) is strongly
convex with constant oy > 0 on Q. Then the sequence {zj}r>0 generated by the primal
gradient method satisfies

flxy) = f(a*) < (#)k(ﬂ%) —f@n) s Loy s1/2, (3.2.4)
(1- ZT{)k (f(xo) — f(z*)) : otherwise,

for all k& > 0. It is important to note that we do not need to know o; > 0 in the primal
gradient method to ensure this result. The linear convergence of the dual gradient method
was firstly shown by Devolder et al. [18] for the inexact oracle model, which we discuss next.

Primal and dual gradient methods with inexact oracle model

In the Euclidean setting, let us consider the inexact oracle model, i.e., suppose that we can
compute (f(y),g(y)) € Rx E* satisfying oracle inexactness (2.4.14) for parameters L > p > 0,
0 > 0. Devolder et al. [17] analyzed the primal and the dual gradient method in this setting.

Starting from xy € @, they are described as

. F _ L
Tpt1 1= argngm {f(wk) + (g(zg), ® — zx) + 5 |z — a:ng} (3.2.5)
ze
for the primal gradient method and
k ) i I
Fisr = argmin {Z Nl + (V3o — ) + 2 o — el + o - on%} (326

€@ Li=o

for the dual gradient method where {A;} is a sequence of weight parameters.
The primal gradient method admits the following convergence result (see [18, Theorem 2]
and the proof of [17, Theorem 4]):

min  f(z;) — fz*) < Llzo ="l oo { (1 - %)k , } +6. (3.2.7)

0<i<k+1 2
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3.2 Gradient-based methods for smooth/structured problems

The dual gradient method with

L L+ pSk

Ap = ——, A = 2.
0 — 0 Ak I (3.2.8)

L
also satisfies this estimate replacing the left hand side by ming<;<j f(w;) — f(z*), where
wy, = argmingcq { f(@r) + (G(zx), © — 1) + Lz - ka%} [17, Theorem 5 and Remark 7].
Notice that this choice of weight parameters in the case p = 0 becomes A\ = 1.

Remark that the right hand side of the estimate (3.2.7) tends to ¢ as k — oo. In particular,
whenever § < €, we ensure an e-solution with the iteration complexity

2 2
min { © LE” ,0 £logLR
e—90 I e—90

where R := ||zg — 2*||,. This complexity with § = 0 gives a well-known one of the steepest
descent method or the projected gradient method for the class F} (Q). Comparing with the
lower bounds for the smooth problems (2.4.4), we see that the primal and the dual gradient
methods does not ensure the optimal complexity.

3.2.2 Fast proximal gradient methods

Now we review PGMs, so called fast or accelerated PGMs, ensuring much better iteration
complexity than the classical ones. In particular, they guarantees the optimal iteration
complexity for the smooth problems.

For the smooth problems, we review three fast PGMs, the Nesterov’s modified method
[50] and the Tseng second/third accelerated proximal gradient methods [58, 59]. They are
optimal in the non strongly convex case. We generalize the three methods in our unifying
framework later.

We further review two fast PGMs, the Nesterov’s accelerated method [53] for composite
structure and the fast gradient method [17, 18] for inexact oracle model. They ensure the
optimal iteration complexity for the smooth problems even in the strongly convex case.

Fast PGMs for smooth problems

Suppose that the objective function f(z) belongs to the class Fi(Q). The first optimal com-
plexity PGM in this case was proposed by Nesterov [47] and many variants or extensions were
investigated (refer Section 2.4). Here we recall the modified method (with particular choice
of the weight parameters \) proposed in [50, Section 5.3]:

Nesterov’s modified method [50]: Set Ay, := (k+1)/2 for k > 0 and z¢ := z_1 := argmin, ¢ d().
Compute the solution wg := argmingcn{Ao[f(w0) + (Vf(w0),z — x0)] + %d(m)} and set
T := 2o := wyg. For k > 0, iterate the following procedure:

Set Tp+1 = (1 — 1) Tk + T2k, where T := z)’\“ﬁlx’

=0 7'
Compute wyy1 := argmin,cq {Ak+1[f(xk+1) +(Vf(xgs1),x — xps1)] + gﬁ(zk, a:)},
Set Tpr1 = (1 — )Tk + ThWr41,

Compute  zp41 := argmin,¢( {Zfiol Xilf(zi) + (Vf(xi),x —xi)] + U%d(:z:)} .
(3.2.9)
In comparison, the Tseng’s second and third Accelerated Proximal Gradient (APG) meth-
ods [59], which are particular cases of algorithms 1 and 3 in [58], only require the computation
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Chapter 3 Subgradient-Based Methods for Convex Optimization Problems

of either zj or wy of the Nesterov’s method, respectively.

Tseng’s second APG method [59]: Set A\g := 1, Apyq := VI 1+4)‘ kfor k>0, and xg := z_1 :=
argmin, . d(r). Compute the solution 2z := argmmer{)\o[ (xo) + (Vf(xo),x —x0>] +
g%ﬁ(xo, x)} and set g := z9. For k > 0, iterate the following procedure:

Set Tpt1 := (1 — 1)@k + Tk2g, where 73 := Z/\’“Iilx’

=0 7'
Compute 241 1= argmin, ¢ {)\k+]_[f($k+]_) + (Vf(xps1), T — Tpg1)] + G%é’(zk, x)},
Set Tht1 = (1 — Tk)i‘k + TZk+1-

(3.2.10)
/ 2
Tseng’s third APG method [59]: Set Ao := 1, A\gy1 = % for k>0, and zg := 2_1 :=
argmingcp d(z). Compute the solution zy := argmin,cqo{o[f(70) + (Vf(z0), T — 70)] +
U%d(@} and set 2o := 2z9. For k > 0, iterate the following procedure:

Set Ty o= (1 — )@k + T2k, where 7y : Zkljjll)\ ;
Compute 2zg41 := argming,c( {Zfiol Nilf () + (Vf(xi), x — )] + %d(az)} . (3.211)
Set Tpr1 = (1 — 7p)8p + Th2p1.

Remark 3.2.2. To see the equivalence to the Tseng’s second APG method, notice that zg
is not used at all in [59]. Then defining d(z) := D(x, z0) = n(x) —n(z0) — (Vn(20), z — 2o) for
an arbitrary zp € @, we have o4 = 1 in (a). Finally, making the correspondence zx — zj_1,
Y — Tk, Tp — Tk, and O — A—lk, it will result in our notation. For the Tseng’s third
APG method, identical observations are valid, excepting that we define d(z) := n(z) — n(z0)
instead. (]

Remark 3.2.3. Tseng’s APG methods were originally proposed for the composite problem
mingedomw[f(z) = fo(x) + ¥(z)] where fo € F}(dom¥) and ¥(x) is a lsc convex function
with closed domain. The above description is obtained by letting ¥ the indicator function of

Q. O

Similar to the comparison of the MDM and the DAM, the difference among the above
three methods is basically the subproblems at each iteration. These subproblems has the
form z := argmin, g r(7) with the auxiliary functions

on() = Ml (k) + (V(x)z — aa)] + UL(i{(Zkth) (3.2.12)

for the Tseng’s second APG method and

L
Z Nilf (i) + (Vf(z), @ —z)] + U—dd(a:) (3.2.13)
for the Tseng’s third APG method; the Nesterov’s method can be seen as their hybrid. Notice
that the auxiliary functions (3.2.12) and (3.2.13) correspond to the one of the MDM (3.1.10)
except the factor L/og4, and the one of the DAM (3.1.11) with S = L/og4, respectively.
It can be shown that the Nesterov’s and the Tseng’s methods attain the optimal iteration

complexity for smooth problems in the non strongly convex case. The Nesterov’s method
(3.2.9) and the Tseng’s third APG method (3.2.11) satisfy

4Ld(x*)

vk > 0, f(jk) —f(.’L‘*) < Ud(k+1)(k3+2)

(3.2.14)
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3.2 Gradient-based methods for smooth/structured problems

while the Tseng’s second APG method (3.2.10) satisfies

ALE (g, ™)

k20, flaw) — f(@7) = e

(3.2.15)

(see [50, Theorem 2] and [58, Corollaries 1,3]). Therefore, they ensure an e-solution with the
optimal iteration complexity O(y/LR?/c) where R = \/d(z*)/oq4 for the first estimate and
R = \/&(xg,x*) /04 for the second one, respectively.

In the Euclidean setting d(z) = £ ||z — :L‘0||§, we can apply a multistage procedure [47, 53]
to the above methods to achieve the optimal complexity in the strongly convex case if we
know a convexity parameter oy > 0 of f on . Indeed, since the above estimates have

* (|2
the form f(z) — f(z*) < % for some ¢ > 0, after k > (/2cL/oy iterations, we
have f(&g) — f(z*) < % |lzo — o3 < 2(f(wo) — f(z*)) by the strong convexity of f and
the optimality of x*. Then, one can restart the method setting #; as the new initial point,

f(xo);f(l"*)w

which ensures an e-solution repeating {logQ times of restarting; the total iteration

complexity O ( \ /% log %) is optimal for the smooth problems.

One can also apply PGMs introduced next which ensures the optimal complexity without
multistage procedure. Note that the optimality of the above Nesterov’s and Tseng’s methods
without a multistage procedure in the strongly convex case is not known.

Fast PGMs for convex optimization problems with composite structure

Consider a convex optimization problems with a composite structure: min,eq[f(x) = fo(x)+
¥(z)] where fo € F1(Q) and ¥(z) is a lsc convex function on Q. Tseng’s second and
third APG methods [58, 59] were originally proposed for this case which can be described
by replacing the first-order approximation f(x;) + (V f(z;),x — x;) by its composite version
fo(x:) +(Vfo(zi), x — x;) + ¥(x) in the subproblems in (3.2.10) and (3.2.11), preserving the
efficiency estimates (3.2.15) and (3.2.14), respectively.

In the Euclidean setting d(z) := 3 ||z — 0|3, Nesterov’s accelerated method [53] further
ensures a linear convergence in the strongly convex case. When we know the Lipschitz
constant L and a convexity parameter oy of ¥(x) on @, the Nesterov’s accelerated method
equips two subproblems at each iteration (collaborating the ones of the primal and the dual
PGMs in Section 3.2.1) and generates points {2y }r>0 C @ satisfying the following estimate

(let v, — 1 in [53, Theorem 6]):

vk > 1 f(A)—f(*)<M nd 2 (14 o) (3.2.16)
>1, T, x¥) < 1 min 2 5T . 2.

We remark that the Nesterov’s accelerated method does not involve a multistage procedure.

In the case when we further know a convexity parameter og, of fo(x) on @, one can
improve the estimate (3.2.16) by reallocating the function ¥(x) as we briefly explain here
(see [53, Section 5]). In fact, we can rewrite the objective function as f(z) = go(x) + @(x)
where

(o g
g0(z) = folr) = S o w3, Pla) = V() + = o — woll3-

The convexity parameter of ®(x) is o, + op and the Lipschitz constant of Vgo(z) on Q is
L — oy, where L is the one of fy(x). Therefore, the Nesterov’s accelerated method for this
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Chapter 3 Subgradient-Based Methods for Convex Optimization Problems

reallocation leads the above estimate (3.2.16) to

M=o -t f 4 2k
(3.2.17)

where we denote oy := oy, + ow.

Fast PGMs for convex optimization problems with inexact oracle model

Consider a convex optimization problem min,cq f () equipped with a (4, L, p) oracle (2.4.14).
Similar to the Nesterov’s accelerated method, Devolder et al. proposed the fast gradient
method [17, Algorithm 3] collaborating the primal and the dual methods for this case. The
fast gradient method generates {2y }x>0 C @ ensuring the following estimate [17, Theorem 7]:

L fJvo — =¥ 4 1 [\
. * 0— .

where E, = © ((5 - min{k, «/L/,u}). Due to the error term Ej, ensuring an e-solution and

the iteration complexity depend on the parameters L, u,d. One can see further discussions
in [17, Sections 5.3, 5.4] and [18, Section 5.2].

3.2.3 Conditional gradient methods

We finally discuss on the CGMs for some structured problems.

Suppose that @ is bounded and the objective function f(x) is differentiable on Q. The
CGM proposed by Frank and Wolfe [21], which we refer to as the classical CGM, is the most
basic one: Start from zg € Q and, for each k > 0, iterate

2L € Argelgin[f(:ck) + (Vf(xg),x —xk)], a1 := (1 — %)k + Th2k (3.2.19)

where 71, € [0,1]. A popular choice 74 := k—f_z ensures the following estimate when f € F}(Q)
[22, Bound 3.1]%:

i 2
Yk 1, flag) - f(@) < W.

In the weakly smooth case f € .7:]’\)4_1(@) (p € (1,2]), the same choice 7 := 2/(k+2) ensures an
estimate f(zy) — f(2*) < O(MDiam(Q)”/k"~1) (see [55]). The same convergence rate holds
for a composite-type CGM extending the classical CGM to composite structured problems
[1, 3, 55].

The classical CGM for the inexact oracle model was analyzed by Freund and Grigas (see
[22, Section 5.2.1]). If the objective function f is equipped with a (§, L, 0)-oracle (f, g), then
the classical CGM with 7, = 2/(k + 2) replacing (f,Vf) by (f,g) satisfies f(zy) — f* <
O(LDiam(Q)?/k) + O(5k).

There are some variants [35, 55] of the classical CGM. In particular, Nesterov [55] demon-
strated the iteration complexity (2.4.8) for the weakly smooth problems. Here we describe
particular instances of Lan’s variants [35] for the smooth problems which are discussed in the

(3.2.20)

"Replace (h(-), Ak, Ak, @x) in [22] by (= f(-), Tk, 2k, Tk)-
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3.2 Gradient-based methods for smooth/structured problems

unifying framework in Chapter 4. The primal averaging CGM [35, Algorithm 4] with oy =
2/(k+1) is described as follow: Initializing zo := 21 € Q, T := 29 € Argmin,c, (Vf(20), 2),
iterate the following procedure

kel 2

X = X z

hHl k+3F T k4370
Zpt1 € Argrgin (Vf(@ks1), ), (3.2.21)

e

A el 2
x = x z

k+1 k+3 k k+3 k+1;

for each k£ > 0. Lan also proposed another variant, the primal dual averaging CGM, where
we give its particularization by o = 2/(k + 1), 0 = k in [35, Algorithm 5] here: Initialize
To =21 € Q, T 1= 29 € Argmin,c (Vf(20), ) and iterate

k+1, 2
T+l = k+39€k+ k+3zk’
k+1
Zk+1 € Argmin <Z(z + D)V f(xy), x> , (3.2.22)
TeQ —
) kbl o
Tt =g n 3Tk + T 3%k+1

for each k > 0. These two CGMs satisfy the following convergence rate [35, Theorems 7,8].

- 2LDiam(Q)2.

k20, f(@R) — f@7) = =7 (3.2.23)
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Chapter 4

A Unifying Framework of Subgradient-Based
Methods for Structured Convex Optimization
Problems

4.1 Overview

In this chapter, we establish a methodology of generating optimal or nearly optimal com-
plexity subgradient-based methods for several classes of convex optimization problems. After
some preliminaries in Section 4.2, the core notion of the thesis will be introduced in Sec-
tion 4.3. The remaining sections demonstrate how our notion works as a unifying framework.

We at first introduce two classes of convex optimization problems, the non-smooth and
the structured problems. The former was already introduced while the latter is a large class
of problems including the (weakly) smooth problems, the mixed smoothness structure, the
composite structure, and the inexact oracle model. We additionally consider the ‘strong
convexity’ with respect to the prox-function, generalizing the one in the Euclidean setting.

The unifying framework is introduced in Section 4.3. Recall, for instance, that both
the MDM and the DAM solves subproblems zj := argmin, g ¢k (7) where @ (z) is defined
by (3.1.10) and (3.1.11), respectively. In order to discuss them in a unified way, we define
Properties A (and B) as axioms for the auxiliary functions {¢(z)} necessary to develop
efficient subgradient-based methods. Based on these properties, we then propose two general
methods, Methods I and II, of solving the non-smooth and the structured problems, respec-
tively. We totally propose four kinds of methods since both Methods I and II consist of the
classical and the modified methods which sometimes have different rates of convergence. We
demonstrate in Section 4.3.4 that particular instances of the proposed methods yield existing
subgradient-based methods reviewed in Chapter 3.

The remaining sections correspond to unified analysis of subgradient-based methods. We
develop general convergence estimates in Section 4.4. The development here exploits the
Nesterov’s approach [50] using the relation (Ry). We then particularize our general estimate
to the non-smooth problems (Section 4.5), the smooth/composite problems as well as the
inexact oracle model (Section 4.6), and the weakly smooth problems (Section 4.7). We
compare our results with known ones reviewed in Chapter 3. We summarize remarkable
results below.

e Results for the non-smooth problems (non strongly convex case).
Theorem 4.5.1 shows that Method I ensures the optimal iteration complexity for the
non-smooth problems with the same advantage as the Nesterov’s DAM. As a byprod-
uct, the extended MDM proposed in Method 4.3.5 does not require the boundedness
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4.1 Overview

assumption of the feasible set to attain the optimality in contrast to the existing aver-
aging techniques for the original MDM.

e Results for the non-smooth problems (strongly convex case).
We show an optimal convergence result of Method I in Section 4.5.2. It recovers the
optimality of the MDM for the Nedi¢-Lee’s averaging (3.1.5) and the Bach’s variant
(3.1.8). Moreover, a new extension of the DAM to the strongly convex case is obtained.

e Results for the inexact oracle model and the composite problems.
In Section 4.6, we analyze Method II and show the so called classical convergence rate
(for the smooth problems) of the classical method and the optimal convergence of the
modified method. For particular cases, we obtain the same convergence results as the
known ones where some of them have slight improvements. In particular, we obtain
extensions of the Tseng’s APG methods and the Nesterov’s modified method to the
strongly convex case ensuring the optimal iteration complexity.

o Results for the weakly smooth problems and the mixed smoothness structure.
In Section 4.7 we analyze the modified methods of Method II for a class of problems
including the weakly smooth problems and the mixed smoothness structure. In par-
ticular, we obtain the optimal iteration complexity for the weakly smooth problems.
We ensure the optimality in the strongly convex case with less prior requirements com-
pared with the existing method, while the result in the non strongly convex case may
be restrictive because it does not ‘adapt’ the Holder condition.

Nearly optimal iteration complexity for CGMs is also obtained in the non strongly
convex case.

4.1.1 Notations and settings

Here we collect common notations in this chapter.
Let E be a finite dimensional real vector space equipped with a norm ||-||.
Throughout this chapter, we fix a prox-function d(z) on @, that is,

e d: E — RU{+o0} is a differentiable and strongly convex function on @ with constant
oq >0,

e d(z) > 0,Vz € Q and d(wzg) = 0 for mg := argmin, . d().

As we fixed the prox-function, we simply denote the associated Bregman distance as

§(y, x) := Daly, x) = d(z) — d(y) — (Vd(y),z —y) -
Consider the following convex optimization problem:

géiél f(zx) (4.1.1)

where @ is a closed convex subset of F and f is a lsc convex function on E. We introduce
additional assumptions on this problem in the next section. We mainly focus, in particular, on
the problem (4.1.1) in two categories, the non-smooth and the structured problems introduced
in Section 4.2.2.
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Chapter 4 A Unifying Framework of Subgradient-Based Methods

4.2 Non-smooth and structured convex problems

In this section, we introduce two kinds convex problems, the non-smooth and the struc-
tured ones, which we apply our methodology to obtain efficient subgradient-based methods.
These convex problems cover several classes of known convex problems as clarified later (see
Example 4.2.8).

We firstly prepare the notion of a generalization of the strong convexity in the Euclidean
setting in Section 4.2.1 which is used to define the non-smooth and the structured problems
in Section 4.2.2.

4.2.1 Strong convexity with respect to prox-function

Development of subgradient methods for convex problems with strongly convex objective
functions often assume the Euclidean setting or the quadratic growth condition (2.1.13) for
&(y,z). We consider the following notion of strong convexity to handle the both cases.

Definition 4.2.1 (strong convexity with respect to prox-function). Let ¢ : B — R U {+o0}
be a lsc convex function with ¢ C dom . For a nonnegative constant o, we say @ is o-
strongly convex with respect to the prox-function d on @ if ¢ — od is convex on Q. Then we
call o a convexity parameter of p with respect to d on Q). The set of the convexity parameters
is written by o(¢), namely,

o(p):={0>0]| ¢ —odis convex on Q}. (4.2.1)

Remark that we omitted the dependence to the prox-function d and the feasible set @
from the notation o(p) for simplicity. This notion is also discussed in [41] when ¢(z) is
differentiable on Q.

When FE is a Euclidean space and ||||, is the norm induced by the inner product on E, the
strong convexity with respect to the norm |||, is equivalent to the one with respect to the
prox-function d(z) := 3 Ha:||§ This fact is a particular one of the following characterization.

Proposition 4.2.2. Let ¢ : E — RU{+0o0} be a lsc convex function with Q C domy. Then
the followings are equivalent.

(i) o € a(p).
(ii) For every x,y € @ (C dom ), we have
o) = oy) + ¢ (y;z — y) + o&(y, ).
Proof. Remark that, in general, the function ¢ (x) := ¢(z) — od(x) satisfies
Wz —y) =¢' (e —y) —o(Vd(y),x —y), Yz,yeqQ. (4.2.2)
Therefore, by the definition of the Bregman distance, the condition (ii) is equivalent to
(i) v@) 29+ (e —y), VryeQ

Suppose that the condition (i) holds. Then, since 1) is convex on @, we have the condition
(ii)’, that is, the condition (ii) holds.

Conversely, suppose that the condition (ii) or, equivalently, (ii)’ holds. Since ¢ is convex
on Q, ¢'(y;x—y) > —¢'(y; y—x) holds by (2.1.6) and so is true for ¥(-) by (4.2.2). Therefore,
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4.2 Non-smooth and structured convex problems

we obtain two inequalities ¥(y) > ¥(z) + ¢¥'(z;y — 2) and ¢ (z) > P(z) — ¢¥'(z; 2 — x) for all
x,y,z € Q. Since ¢'(y;-) is positively homogeneous, the convexity of 1(-) on @ follows by
taking a convex combination of the two with z = az + (1 — a)y, a € [0,1], z,y € Q. O

As an immediate consequence of Proposition 4.2.2 combining with (2.1.12) and Proposi-
tion 2.1.1, we have the following.

Corollary 4.2.3. Let ¢ : E — RU {+o0} be a lsc convex function with Q C dom .

(i) For any o € o(yp), the constant o40 is a convexity parameter of p(x) with respect to
the norm ||-|.

(i) Suppose that the Bregman distance &(y,x) grows quadratically on Q with a constant
A >0, that is, £(y,x) < 4|z —y|I? holds for every x,y € Q. If p(x) is T-strongly
convex on @ with respect to the norm |||, then we have 7/A € o(p).

Finally, we show that the minimizer of a strongly convex function with respect to the
prox-function has the following property which is a key in the analysis of subgradient-based
methods (see also [13, Lemma 3.2], [38, Lemma 1], [54, Lemma 3], and [58, Property 2]).

Lemma 4.2.4. For a positive constant o > 0, let ¢ be a o-strongly convex function with
respect to d on Q. Then, ¢ has a unique minimizer z* on Q satisfying the following inequality
for every z € Q:

o(2) = ¢(2") + §(z7, 2).

Proof. Since ¢ becomes oo 4-strongly convex on ) with respect to the norm ||-||, it has a unique
minimizer z* on @ (Proposition 2.2.4). Then, by the optimality condition ¢'(z*;x — 2*) >
0, Vz € @ for the minimizer z* (Lemma 2.2.1), the assertion follows from Proposition 4.2.2
(ii). O

4.2.2 Non-smooth and structured convex problems

This section introduces the classes of the non-smooth and the structured convex problems
(Definitions 4.2.6 and 4.2.7, respectively) unifying some particular classes. We at first define
Assumption 4.2.5 which is assumed for the both classes. It introduces the notation m¢(y; )
which we refer a lower approximation model of f(x) (at y).

Assumption 4.2.5. The convex optimization problem (4.1.1) is equipped with a function
my(y; ) and a parameter oy > 0 satisfying the following conditions.

(i) m¢(y;x) is defined for each x,y € @ and, for every y € @, the function my(y;-) is Isc
and convex on @ satisfying f(x) > my(y;x), Vo € Q.

(ii) The parameter oy satisfies

area(f)n ) olms(y;-)) (4.2.3)

yeQ

For the problem (4.1.1) satisfying Assumption 4.2.5, we refer to the case oy > 0 as the
strongly convex case while the non strongly convez case is referred to as the one oy = 0 which
corresponds to assume the item (i) only.

Now we describe the classes of the non-smooth and the structured problems.
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Chapter 4 A Unifying Framework of Subgradient-Based Methods

Definition 4.2.6 (class of non-smooth problems). The class of non-smooth problems consists
of convex optimization problems (4.1.1) where we assume for each problem that we know a
subgradient mapping g(z) € 0f(x), x € Q and a convexity parameter oy € o(f). Then, we
can naturally define its lower approximation model my(y;x) by

my(y;x) = f(y) +(9(y),r —y) + 05&(y,x), z,y€Q. (4.2.4)

Furthermore, we assume that the following optimization problem is solvable for every s € E*
and 8 > 0:

Héiél{(S, x) + Bd(x)}. (4.2.5)
This class of problems is denoted by NSP(g,07).

Notice that each problem of NSP(g,0) satisfies Assumption 4.2.5 because ms(y;x) —
ord(x) is an affine function so that (4.2.3) follows.

The class NSP(g,0y) formalizes the non-smooth problems introduced in Section 2.4.
Therefore, under the boundedness assumption (2.4.1) of subgradients, the optimal iteration
complexities of the classes NSP(g,0) and NSP(g,0¢) for oy > 0 are given by (2.4.2) and
(2.4.3), respectively.

Definition 4.2.7 (class of structured problems). The class of structured problems consists
of convex optimization problems (4.1.1) where we assume for each problem that there exists
(mys(-5-),0f,0f,L(-),0(-,-)), i-e., functions and constants, satisfying the inequality

where my(y;x) is a lower approximation model of f(x) which admits Assumption 4.2.5 for
a convexity parameter oy > 0, §(y,-) is a nonnegative convex function on @ for each y € @,
L(-) > 0, and 6 € [0,0¢]. We further assume that the following optimization problem is
efficiently solvable for every 8 >0, y € E, and s € E*:

géicrgl{mf(y; x) + (s,z) + Bd(z)}. (4.2.7)

This class of problems is denoted by SP(my,0¢,6¢,L,0).

We explain the role of parameters in this definition (Example 4.2.8 will show further
detail).

Although the class SP(my¢,0¢,6f, L, ) is quite general, we are particularly interested in
the following special cases for our purpose:

e the constant case L(y) = L and 6(y,x) = § which corresponds to the inexact oracle
model;

e the case §(y,z) = % ly — x||” for some M > 0, p € [1,2) which includes the weakly
smooth problems.

We will focus on these cases when we analyze the concrete convergence rates of our methods.

The parameter ¢ represents ‘the coefficient of {(y,x) in m(y;x).” The 65 may take a
different value from o; when we consider the composite structure. Remark that m¢(y;-) —
7f&(y, ) is a convex function because o5 € o(my(y;-)) and o5 € [0, 07].
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The assumption of the solvability of (4.2.7) can be reduced depending on the implemen-
tation of the methods. For instance, the implementation of Theorem 4.6.4 (ii) will require
only the subproblems (4.2.7) with § = 0 which corresponds to consider a generalization of
the CGM.

The class of structured problems enables us to generalize several classes of convex opti-
mization problems as shown next.

Example 4.2.8 (examples of structured problems). Let us consider the convex optimization
problem (4.1.1). We demonstrate that the classes of convex optimization problems introduced
in Section 2.4 belong to SP(my,0f,6¢,L,d) with appropriate constants and functions.

(i) Smooth problems. Let f € F1(Q) and of € o(f). Define the lower approximation
model my(y; ) by

my(y;x) = f(y) + (V ),y —2) + o5y, x).
Due to Proposition 2.1.6 with v = 1, we see that the inequality (4.2.6) follows with
gf:=o0yf, L(:):=L, 4(,-):=0.

We remark that the corresponding subproblem (4.2.7) in the cases § > 0 and § = 0
reduces to the one (2.3.1) of the PGMs and the one (2.3.3) of the CGMs, respectively.

(ii) Weakly smooth problems. Let f € F},;(Q) for M >0 and v € [0,1) (the case v =1 for
the smooth problems was separately discussed above). By Proposition 2.1.6, we have

f@) < f) + (g(y),z —y) + lz — """, Va,yeQ

1+v

where g(y) € 0f(y) is any subgradient mapping of f (Recall that g(y) = V f(y) when-
ever v > 0). For a convexity parameter oy € o(f), let us define my(y; x) by (4.2.4).
Then, the inequality (4.2.6) follows by letting

_ M
opi=oyf, L():=0, 6(ymx):= 11o |z — y||1+y-

The subproblem (4.2.7) has the same form as the smooth problems (i).

(iii) Composite structure. Suppose that the objective function f is of the form f(z) =
fo(x) +¥(x) where fy € Fy,;(Q) for some v € [0,1] and ¥ is a Isc convex function on Q.
Take convexity parameters oy, € o(fo) and ow € o(¥). Applying (i) or (ii) to fo(x),
we can define (my,,7¢,, L(-),0(-,-)) so that the inequality (4.2.6) holds for the function
fo(x). Now let us define

my(y;x) = myo(y; 2) + ¥(x) = fo(y) + (Vio(y),y — x) + o5&y, x) + ¥ (x).
Then, the inequality (4.2.6) holds with
Of:=0f, T 0w, Of:=0f

and with the above (L(-),d(:,-)) for fo(z). The corresponding subproblem (4.2.7) in
the cases § > 0 and 8 = 0 is equivalent to the one (2.4.10) of composite-type PGMs
and the one (2.4.11) of composite-type CGMs, respectively.
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(iv) Mized smoothness. Suppose that the objective function f satisfies

lz =yl VaeyeQ

£@) < F)+ o) o =)+ 5Ll — ol + T

for a subgradient mapping g(x) € df(x), constants L, M > 0, and v € [0,1). Notice
that this class of convex functions covers the one of both smooth and weakly smooth

problems. The case v = 0 corresponds to the deterministic version of the Ghadimi-Lan’s
model [25, 26] (recall (2.4.13)).

For a convexity parameter oy € o(f), define m¢(y;x) by (4.2.4). Then we obtain the
inequality (4.2.6) with

_ M
of:=0f, L() =1L, 5(y,$) = 1"’71/ ||,I - y||1+l/ :

The subproblem (4.2.7) has the same form as the smooth problems (i).

(v) Inezact oracle model. Consider the Euclidean setting ||-|| = |||, d(z) = & ||z — 330||§.
Suppose that f(z) is equipped with a first-order (J, L, u1)-oracle, that is, we can compute
(f(y),3(y)) € R x E* for each y € Q such that (2.4.14) holds. Then, we can define the
lower approximation model

my(y:@) = F) + ) e =y + 5 llz =yl
of f(x) to obtain (4.2.6) with
of:=0p:=p, L()=L, 6(y,x):=34.

The subproblem (4.2.7) has the same form as the item (i).

4.3 Unifying framework for (sub)gradient-based methods

In this section, we introduce Properties A and B as a part of our unifying framework which
auxiliary functions are assumed to satisfy. We at first introduce common notations below.
They are compatible with the review of existing methods (Chapter 3).

The proposed methods are associated with the parameters {(Ag, Bx—1) }x>0 and functions

{(pr(x), Yr(x)) tp>—1 where
o {\;}r>0 is a sequence of positive real numbers which we call the weight parameters.

o {fr}r>—1 is a nondecreasing sequence of nonnegative real numbers which we call the
scaling parameters.

o {(¢r(z),Yr(x))}e>—1 is a coupled sequence of auziliary functions which are minimized
as subproblems at each iteration.

These parameters and functions can be determined in a recursive way during the method.
Then the methods generate the sequence {(xy, Tk, 2k—1, Wk—1) } k>0 Where
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4.3  Unifying framework for (sub)gradient-based methods

ez € @ is a test point at which we evaluate m(zy; x) for & > 0.

e z; € Q is a solution of the subproblem mingeq ¢ (x) for & > —1.

e wy, € @ is a solution of the subproblem mingecg ¥y (x) for & > —1.

e I € @ is an approximate solution to the problem (4.1.1) for k > 0.

We sometimes consider the case of a single sequence {y(z)}r>—1 of auxiliary functions
regarding as ¥ (z) = ().

We also define .

Sy = Z)‘i (k>0), S_1:=0.
=0

4.3.1 General properties for the construction of auxiliary functions in the
unifying framework

Now we introduce the following framework for the auxiliary functions (We define Z;:lo() =
0).

Property A (in the unifying framework). Suppose that the convexr optimization problem
(4.1.1) admits Assumption 4.2.5 with a lower approximation model mys(y;x) of f(x) and a
convexity parameter oy > 0. Let {pp(x)}r>—1 be a sequence of auxiliary functions associ-
ated with weight parameters {\,}x>0, scaling parameters {By }k>—_1, and test points {xy}r>0-
Denote zj, := argmingcq @r(z). Then, the following conditions hold:

(A1) p-1(2-1) =0 and z—1 = ¢ (:= argmin, g d()).

(A2) Vk > —1, Yz € Q, we have

(pk+1(x) Z gok(zk) + )\k+1mf(a:k+1; $) + 6k+1d($) — ﬁkﬂd(zk; .73) + SkO'ff(Zk, JI) (4.3.1)

k
(A3) Yk 2 =1,  ¢p(z) < mingeq {Z Aimy (233 2) + Brla(zk; ©) — Sk:Uff(Zkax>} :
i=0

We further consider a generalization of Property A to a coupled sequence of auxiliary
functions as follow.

Property B (in the unifying framework). Suppose that the convexr optimization problem
(4.1.1) admits Assumption 4.2.5 with a lower approzimation model ms(y;x) of f(x) and a
convezity parameter oy > 0. Let {(pr(x), Yr(x))}k>—1 be a coupled sequence of auziliary
functions associated with weight parameters {\,}r>0, scaling parameters {By}r>—1, and test
points {xy}tr>0. Denote zp = argmin,cq wi(v) and wy = argmingco ¥r(z). Then, the
following conditions hold:

(BO) or(x) = Yi(x) for all z € Q.
(B1) ¥ _1(w-1) =0 and z_1 = w_1 = xo (:= argmin, d(z)).
(B2) Yk > —1, Vx € Q, we have

Yrg1(x) > oi(2r) + Aep1mp(@pp1; @) + Pegrd(x) — Bela(zi; x) + Spop&(2k, ).
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k
(33) Vk Z —1, T/Jk(wk) S miner {Z /\imf(aci;x) + Bkﬁd(zk;a:) - Skafé(zk,x)} .
=0

Notice that letting ¢ (z) = i (z) in Property B exactly yields Property A.

4.3.2 (Sub)gradient-based methods in the unifying framework

Under Properties A and B, we propose the following (sub)gradient-based methods for non-
smooth problems N'SP(g,0¢) and the structured problems SP(m¢,o¢,5¢,L, ), respectively.

Method I (Subgradient-based methods for non-smooth problems in the unifying framework).

Suppose that the convex optimization problem (4.1.1) belongs to the class NSP(g,o0y). Let
{Ak}e>0 and {Bk}r>—1 be sequences of weight and scaling parameters, respectively. Generate
a sequence {(2x—1, Tk, gk, Tk) } k>0 by either the classical or the modified method as follows.

(0) Set &g := o := 21 := argmin,cq d(z).
(1) (k-th iteration, k > 0) Set g := g(xx) € 0f(x) and compute zj, Tp+1, Tp+1 by

SkZk + Net12k

Classical method : xpy; = zp := argmingeq @i (r), Tgr1:= 5
k+1
or
. . . SkZk + Aky12
Modified method : 24 := argmin,cq wi(z), Tpy1 = Tpy1 = %
k+1
Here, {¢(x)}r>_1 is a single sequence of auxiliary functions satisfying Property A. O

In Method I, the sequences {zj}r>_1 and {Zj}x>0 can be reduced from the classical and
the modified methods, respectively, where we kept them to preserve the notation. Notice
that the update of {2y }1>0 has the following alternative expressions:

Sk + Akp12k

Z Aiv12zi = (1 — 1) Tk + T2k
i=—1

T4 =
Sk+1 Sk+1

for k > 0, where 7, := A\gy+1/Sk+1. In particular, for the classical method, we also have

k
. 1
T o E iLi,
k i—0

Method II (Gradient-based methods for structured problems in the unifying framework).
Suppose that the convex optimization problem (4.1.1) belongs to the class SP(my, 0,5, L, 0).
Let {\g}r>0 and {Bk}r>—1 be sequences of weight and scaling parameters, respectively. Gen-
erate a sequence {(2x—1, Wk—1, Tk, Tk) k>0 by either the classical or the modified method as
follows.

(0) Set zg:= 21 := w1 := argmin,¢, d(v). Compute

20 := argmin po(x), Zo := wp := argmin g (x).
z€Q z€Q
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4.3  Unifying framework for (sub)gradient-based methods

(1) (k-th iteration, k > 0) Set

2k : Classical method,
= Sk + A
Tht1 PhTk + Aot 12k Modified method,
Sk+1
Zky1 = arg%1n¢k+l(x)a
Te
W1 = argefgiﬂtﬁkjtl(ﬂf),
T

. SkZk + App1Wh1
Th+1 S .
+

Here, {(¢x(z),¥r(z))} k>0 is a coupled sequence of auxiliary functions satisfying Property B.

(]
Again, we remark that {Z;},>0 can be expressed as the following alternative ways:
A k+1
. SkZk + Mpp1Wh41 1 .
Th+1 = = Z )\i+1wi+1 = (1 — Tk)l'k + TeWk41 (4.3.2)
Sk+1 Sk1 =]

for k > 0, where 75, := A\gy1/Sk+1-

In order to obtain a particular instance of these methods, we need to specify the auxiliary
functions {(¢x(z), ¥r(x))} as well as the weight and scaling parameters. We discuss a concrete
formula of the construction of the auxiliary functions next.

4.3.3 Concrete constructions of auxiliary functions

Here we develop recursive formulas to generate auxiliary functions satisfying Property A or B
which can be used to obtain particular instances of Methods I and II.
The following result is crucial for the main consequences of our unifying framework.

Theorem 4.3.1. Suppose that the convex optimization problem (4.1.1) admits Assump-
tion 4.2.5 with a lower approximation model m¢(y;x) of f(x) and a convexity parameter
or > 0. Given the weight parameters {\,}r>0, the scaling parameters {B}r>—1, and the
test points {xy }r>0, construct the sequence {py(x)}r>_1 of auziliary functions by p_;(x) :=
B-1d(x), z_1 := xg and, for each k > —1,

P () = OppilT () + (1= ) ()
where Oy € [0,1] is arbitrary and
PV (x) = r(z) + Mep1myp (Trr1; @) + Berrd(x) — Brla(zis o) + Skop€ (2, @),
o (x) = or(@) + Meprmp (g1 ) + (Brg1 — Br)d(). (4.3.3)
Then, the sequence {@y(x)}r>—_1 satisfies Property A.

Proof. The definitions p_1(z) := f_1d(x), 21 := zo := argmin, ¢ d(v) clearly ensures (A1)
because of d(xp) = 0.

Since o¢ € o(my(xs;-)), Vi > 0 holds by Assumption 4.2.5, one can verify by induction
that By + Sko s belongs to o (™), (¢, PP?"), and so to o(py) for all k > —1. Therefore, in
view of Lemma 4.2.4 for the minimizer z;, = argmin,¢q ¢ (), we obtain

k() > or(2k) + (B + Skop)é(2k, ) (4.3.4)
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Chapter 4 A Unifying Framework of Subgradient-Based Methods

forall x € Q and k > —1.

Showing the condition (A2) is equivalent to prove the inequality gi1(x) > go}fffr(x) for
all z € @Q and k > —1. Indeed, we obtain @fjr"’ler(:ﬂ) < pry1(x) < @ (2), Vo e Q, Vhk > —1
because

(4.3.4)
e (@) — o () = or(@) — [@r(zk) + (B + Skop)é(zr,2)] > 0.

Let us finally show the condition (A3). One can verify by induction the following inequal-
ity for each k > —1:

K
or(x) <> Amyg(as ) + Brd(z), Vo€ Q. (4.3.5)
i—0

In fact, the right hand side of (4.3.5) is exactly the k-th auxiliary function constructed by
the formula of the theorem with 6 = 0 (that is, the one updated as ¢ 11(z) := @25 (x) for
all k > —1). As a result, we conclude that

(4.3.4)
or(zk) < wr() = (Bk + Skoy)E(zk, )

(4.35) F
<Y Aimg(@iix) + Brd(x) — (Br + Skoy)é(zk, )
=0

k
= Z Aimg(xi; ) + Bela(zr; ©) — Sro €2k, )
=0

for all z € @Q and k > —1, which shows the condition (A3). O

As a simple consequence of Theorem 4.3.1, we obtain the following construction of a
coupled sequence of auxiliary functions satisfying Property B.

Corollary 4.3.2. Under the assumption in Theorem 4.5.1, define the sequence {1y (x)}r>—1
by Y_1(x) := p_1(x) and the recurrence

U1 (2) = Onprpr (2) + (1 = Ip)pis () (4.3.6)
for an arbitrary ¥y € [0,1]. Then, the sequence {(pi(x), Yr(x))} r>—1 satisfies Property B.
Proof. By Theorem 4.3.1, {¢(z)}r>_1 satisfies Property A. Notice that we have
PN () < Prar (@) < @y (2) < QpET(z) Vo€ Q, Yk > -1

by the proof of Theorem 4.3.1. Therefore, (B0) to (B3) immediately follow (use (A3) to
obtain (B3)). O

We particularly consider three special cases of Theorem 4.3.1 and Corollary 4.3.2 below,
which are important to relate to existing (sub)gradient-based methods.

o FExtended Mirror-Descent (EMD) model. Define {¢pp(x)}i>—1 by ¢—1(x) = f_1d(x)
and

Pr1(@) = @r(zk) + Meprmy(Tpi1; @) + Berrd(@) — Bela(zk; ) + Skopé(2k, ) (4.3.7)

for k > —1. Then, Property A follows from Theorem 4.3.1 with 6 = 1 (namely,
Pr1 = O, Yk > —1).
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4.3  Unifying framework for (sub)gradient-based methods

e Dual-Averaging (DA) model. Define {¢y(x)}r>—1 by ¢—1(z) := p_1d(x) and

k
() ==Y Nimy(ws; ) + Brd(x) (4.3.8)
i=0

for kK > 0. Then, Property A follows from Theorem 4.3.1 with 6; = 0 (namely, @i =
bV > —1).

k+1 o
o Hybrid model. Define {(¢x(z), ¥r(z))}k>—1 by ¥_1(x) := f_1d(z) and
or(@) = Yo himy(zix) + Brd(2),
Urr1(z) = or(2k) + Aerimp(zpi1:2) + Brrrd(z) — Bila(zr; ) + Skop& (2, T)
(4.3.9)
for k > —1. Then, Property B follows from Corollary 4.3.2 with 0 = ¥ = 0 (namely,

upper lower

k1 = oy and Y = @ for k> —1). As an alternative, Property B is also
satisfied when we use the hybrid update (4.3.9) except initializing @o(x) = ¥o(z) with
the DA update (4.3.8) (take ¥_; =1 and ¥ = 0 for £ > 0 in Corollary 4.3.2).

The EMD and the DA models yield four particularizations of Method I combining with
the classical and the modified updates. Notice that, in this case, the subproblem z; :=
argmin,c r () at each iteration is of the form (4.2.5) because of the definition (4.2.4) of
my(y; ). In particular, if 5y = 0, oy = 0, and if ms(y,-) is an affine function, then the
subproblem zj := argmin, ¢x(7) as well as wy, := argmin ¢ ¥x () with the above models
becomes a minimization of an affine function which will yield an instance of CGM.

Method II gives six particularizations due to the additional choice of the hybrid model.
Remark that employing the EMD and the DA models in Method II reduces the number of
subproblems at each iteration since zp = wyg. Note that only the EMD model turns the
subproblem wy, = 2, 1= argmin, ¢ @i () of the form (4.2.7) among the above three models;
the others require the solution of the subproblem of minimizing the function (4.3.8). However,
the subproblems with these three models have the same computational difficulty for all the
examples in Example 4.2.8.

4.3.4 Particular instances of general methods in the unifying framework

We demonstrate that Methods I and II equipped with the above models of auxiliary functions
for particular classes of optimization problems yield existing methods reviewed in Chapter 3.

Example 4.3.3. Consider a non-smooth problem in the class NSP(g,0¢). Let us see that
Method I with the EMD and the DA models yield the MDM, the DAM, and a variant of the
DAM.

(1) Let us consider the non strongly convex case oy = 0.

(1a) Mirror-descent method. Consider the auxiliary functions {¢g(z)}r>—1 defined by
the EMD model (4.3.7). If B, = 1, then {¢k(z)}r>—1 is defined by ¢_;i(z) = d(x)
and

r1(7) = @r(2) + Mey1[f(2n) + (gr, © — 28)] + § (28, 7)

for k > —1. Therefore, the sequence {z },>0 of test points generated by the classical
method in Method I in this case is exactly the one generated by the MDM (3.1.1).
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Therefore, the classical method in Method I associated with the EMD model (4.3.7)
can be seen as a generalization of the MDM introducing the scaling parameters
{Bi}tr>—1. We call this method the eztended mirror-descent method.

(1b) Dual-averaging method. Consider Method I with the auxiliary functions {¢g(x) }r>_1
defined by the DA model (4.3.8). Then, the classical method yields the Nesterov’s
DAM (3.1.9) and the modified method yields the Nesterov-Shikhman’s double av-
eraging method (3.1.14).

(2) Mirror-descent method (strongly convex case). In the strongly convex case o5 > 0, con-
sider the classical method of Method I with the auxiliary functions {¢(z)}x>—_1 defined
by the EMD model (4.3.7). Then, the sequence {xj}r>0 is computed as follow.

Tpg1 := 2 = argrgin{)\k[f(xk) + (gk, © — ) + 0p&(xk, )] + Sp—10 & (TR, ) }
S
= argfgin{/\k[f(ﬂ?k) + 9k, ® — k)] + Skos&(wp, )}
pAS
. Ak
= argmin ¢ —[f(zx) + {9k, — 2p)] + §(ps ) p, k> 0.
e L 0fSk
This iteration corresponds to the MDM (3.1.1) with the weight parameters {S\k}kzo
defined by Ag := U?gk . The approximate solution & = Sik Zf:o A;x; of Method I coincides

N -
with the Nedi¢-Lee’s averaging 7y = (Z?:o )\,;1> Z?:o A2 (3.1.5) when Ao := 1 and

/ 2 ~
Akr1 = w (k > 0) because we have )\i = S, and so A, = ﬁ (see Lemma A.4
(i) in Appendix). With the another choice A := %, we have \; = m and the
approximate solution #j; = (kﬂfwz;“:o(i + 1)z; which coincides with the Bach’s

weighted average (3.1.8).

(3) Dual-averaging method (strongly convez case). Consider the auxiliary functions {¢g () }r>_1
defined by the DA model (4.3.8). The corresponding subproblems become

k
2k 1= argrgin {Z Nilf () + (g(s), @ — 23) + 0p&(z4, )] + ﬁkd(x)} :
e i=0

Therefore, Method I in this case yields extensions of the DAM (3.1.9) and its variant
(3.1.14) to the strongly convex case o > 0.

O

Example 4.3.4. Let us see that Method II with the models (4.3.7), (4.3.8), and (4.3.9) yield
some existing methods for particular structured problems.

(1) Consider the smooth problem as Example 4.2.8 (i). Let us consider the modified method
of Method IT with 8y = L/oy. If we equip the EMD model (4.3.7), the corresponding
auxiliary function is given by ¢_1(z) := U%d(w) and

orr1(m) = p(zk) + A1 [f (1) + (VF(@ht1), © — Tpp1) + 055 (Tpp1, 7))
+ (% + Sk0f> &(zg, ).
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Therefore, in the non strongly convex case oy = 0, we see that taking Ao := 1, A\pyq =

VA ”;JA}\’% for k > 0 yields the Tseng’s second APG method (3.2.10). In the strongly con-
vex case oy > 0, the corresponding algorithm can be seen as an extension of the Tseng’s
second APG method. The Nesterov’s modified method, the Tseng’s third APG method,
and the Lan’s variants of CGMs can be obtained in a similar way as we summarize their
correspondences in items (1la) to (le) below:

(la) Define the auxiliary function {(¢g(x),¥x(z))}k>—1 by the hybrid model (4.3.9)
except initializing ¢o(z) = 1o(x) by the DA model (4.3.8). The modified method
of Method II with this auxiliary functions in the case 0y = 0, By = L/0q4, Ay, := k“
yields the Nesterov’s modified method (3.2.9).

(1b) The modified method of Method IT with the EMD model (4.3.7) in the case oy = 0,

Br = L/og, Ao =1, A\gy1 = w yields the Tseng’s second APG method
(3.2.10).
(1c) The modified method of Method II with the DA model (4.3.8) in the case o = 0,
2
Br = L/og, Ao := 1, Agy1 := w yields the Tseng’s third APG method
(3.2.11).

(1d) The modified method of Method IT with the EMD model (4.3.7) in the case 0y = 0,
Br =0, A\paq := k“ yields the Lan’s primal averaging CGM (3 2.21). Notice in

(4.3.2) that we have Sk = w and so T, = Agy1/Sk+1 = m.

(le) The modified method of Method II with the DA model (4.3.8) in the case oy =0,
Br =0, A\gaq = k“ yields the Lan’s primal dual averaging CGM (3.2.22).

(2) Consider the composite problem mingcq[f(z) = fo(x) + ¥(x)] as Example 4.2.8 (iii).

(2a) Let us see that the classical method of Method II with the EMD model (4.3.7) in

the case

L—Gr04 B + Sio
s O VTS VI (ks

- o (4.3.10)

includes the primal gradient method (3.2.1). In fact, since FLd/\k-ﬁ-l = 0fA\pt1 +
Br + Skoy hold for k > —1, the auxiliary function with the EMD model is given
by

or(z) = wr-1(2k-1) + Aelfo(zr) + (Volak), x — k) + 05§ (vh, ) + ¥ ()]
+(Br—1 + Sk—10§)&(zg, x)

L
= @r-1(zk-1) + M <f0(9€k) + (Vfo(zk), z — ) + ¥(2) + ;dﬁ(wk, 96))
from which the update formula xy,1 := 2, = argmin,cq @i (z) yields the primal
gradient method (3.2.1) in the Euclidean setting d(z) = 1 ||z — o|l3.
It is interesting to see that the update w41 = argmin, o { fo(wx)+(V fo(zr), * — zp)+

U(z) + 0%5 (x, )} does not require to know parameters 6 and oy while the pa-
rameters [ and Ag in (4.3.10) involve them.
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(2b)

Let {(¢r(x), ¥r(x)) }r>—1 be generated by the hybrid model (4.3.9) with the choice
(4.3.10) of parameters. Then, for k > 0, we have

k
o) = D" Nlfolw) + (Vfolai), — ) + o€ w1, 2) + V()] + fed(a).
i=0

In the Euclidean setting d(z) = 3 ||z — 0|3 and the non strongly convex case
oy = oy = 0, the classical method of Method II taking A\;, =1 and 3y = L yields
the same sequence {xj }r>0 as the dual gradient method (3.2.2). As the same way
as (2a), we also have wy, = argminer{fo(:ck) +(Vfolzg),z — xx) +% ||z — kag +
W(x)} in this case which is compatible with the notation wy in (3.2.3).

The DA model (4.3.8) also generates the same {p(z)} as above. Then, the se-
quence {z}r>0 of test points generated by the classical method in Method II are
the same as the one of the dual gradient method (3.2.2) while the wj, does not
coincides with the one (3.2.3) since wy, = z; = argmin, ¢ k(). Therefore, in this
case, the DA model reduces the number of subproblems from two to one compared
with the hybrid model (but they generate different approximate solutions).

(3) Consider the convex optimization problem with the inexact oracle model as Exam-
ple 4.2.8 (v) (then, oy =65 = p, o4 = 1).

(3a)

(3b)

Similar to (2a), the classical method of Method II with EMD model (4.3.7) and
with the choice (4.3.10) of parameters yields the primal gradient method (3.2.5).

The classical method of Method II with the hybrid model (4.3.9) yields the dual
gradient method (3.2.6) when we choose constant S = § > 0: in fact, the corre-
sponding auxiliary function ¢g(z) is given by

B

k
on(@) = DN [Fl@) + (glws)o = @)+ 5 o = aill3] + 5 o ol

=0

from which the update zj,1 := 2, = argmin, g px () is compatible with the one
(3.2.6) (the weight parameters correspond up to multiplication). If we further
choose the parameters by (4.3.10), we obtain the compatibility with the notation
wy, = argmin, co{ f(zx) + (§(zr), © — 21) + Lx— 21|53} as (2a). We remark that,
in general, the choice (4.3.10) of parameters is not equivalent to the one (3.2.8)
analyzed in [17]; we will suggest (4.3.10) as an alternative choice (Theorem 4.6.1).

U

As discussed in Example 4.3.3 (1a) above, we propose the following new extension of the
MDM in the non strongly convex case.

Method 4.3.5 (extended mirror-descent method for NSP(g,0)). Suppose that we know a
subgradient mapping g(x) € df(z), = € @ in the convex optimization problem (4.1.1). Let
{ Ak }re>0 and {5k }r>—1 be sequences of weight and scaling parameters, respectively. Starting
from o := z_; 1= argmin ) d(z), iterate

gk = g(xg) € Of (xg), Ry = argmin{ \g[f (zr) + (gr, © — k)] + Brd(z) — Br—1fa(zk—1; %)}

z€eQ
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framework
for k > 0. Define the sequence {Zj }1>0 of approximate solutions by
1k
Ty := S—k Z)\ixi, k> 0.
i=0
O

In particular, the original MDM (3.1.1) is obtained by letting S = 1 in the extended
MDM.

Due to Theorem 4.3.1 and Corollary 4.3.2, we can provide infinitely many instances of
PGMs and CGMs via Methods I and II. In Table 4.1 below, We summarize important cases
given by the EMD, the DA, and the hybrid models.

Table 4.1: Particular instances of the proposed methods. The column ‘Aux.func.” corre-
sponds to the model of auxiliary functions defined in Section 4.3.3. The star (x) is attached
for new methods. In particular, “*an extension’ means a new extension of the left to the
strongly convex case. The dagger symbol () means that our method and the existing one
shares a particular instance.

Method type ‘ Aux. func. ‘ Non strongly convex case ‘ Strongly convex case
_ i * i
classical method DA dt}al averaging [52] _an ?XteanOI}
of Method I EMD mirror-descent [46] TNedié-Lee’s averaging [43]
*extended MDM (Method 4.3.5) Bach’s averaging [3]
modified method | DA double averaging [56] *an extension
of Method I EMD *double averaging for the MDM *an extension
classical method EMD primal gradient method [18, 53] (without line search)
of Method TI Hybrid dual gradient method [18, 53] (without line search)
DA *a variant of the dual gradient method [18, 53]
TTseng’s second APG [58] *an extension
EMD e :
. Lan’s primal averaging CGM [35] —
modified method — ¥ -
of Method 11 DA TTseng’s third APG [58] an extension
TLan’s primal dual averaging CGM [35] —
Hybrid Nesterov’s modified method [50] *an extension
(+DA)

4.4 General convergence estimates of subgradient-based meth-
ods in the unifying framework

In this section, we prove a general convergence estimates of Methods I and II for the non-
smooth and the structured problems. These results will be used to derive particular rates of
convergence in the next sections.

We will obtain different convergence estimates for the classical and the modified methods.
We show in Section 4.5 that they have the same rate of convergence for the non-smooth
problems but, for the smooth problems, the modified method gives much better efficiency
than the classical method as discussed in Sections 4.6.
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In the remainder of this section, we aim to prove the following general estimates, Theo-
rems 4.4.1 and 4.4.2, after which we can focus on the choice of parameters {\;} and {8} to
ensure an efficient convergence rate.

Theorem 4.4.1. Consider a non-smooth problem in the class NSP(g,0¢). Let {(zx—1, Tk, gk
Zk) te>o be generated by Method I associated with weight parameters {A\y}r>0 and scaling
parameters {fi}k>—1. Then, for every k > 0, the estimate

< Bila(zr; x*) + Cy

f(@r) = f(2*) + op&(zh, a%) < 5, (4.4.1)
holds, where
N A for the classical method; and
Cp = 20, 24i=0 5i_1+gigf\Qng % or tne classtcal method, an (4 A 2)
k i) 2 . 4.
ﬁ > iz o 15 (Bt 5i107) llgill;  for the modified method.

Furthermore, for every k > 0, the above estimate holds even replacing the left hand side

by Sik SO oNif (i) — f(@) + 0pE(zR, ) or by ming<ick f(xi) — f(2*) + 05 (zk, &) for the
classical method.

Theorem 4.4.2. Consider a structured problem in the class SP(mys,0¢,6¢,L,0). Let {(zx—1,
Wk—1, Tk, Tk) te>0 be generated by Method II associated with weight parameters {\,}x>0 and
scaling parameters {fy}r>—1. Then, for every k > 0, the estimate

F@r) - 1) + optap,z7) < PUEET) G

(4.4.3)

holds, where

% Zf:o Ai (L(ffz) —0d <&f + ‘ﬁi71+>\€i710f>) |w; — iUzH2 + E?:o Aid (2, w;)
for the classical method; and
— Si(Bi— Si_10 A ~
§ o i (Lws) = o4 (o7 + FOFR0) ) s —ail* 4 L Sid (i 1)
for the modified method.

(4.4.4)
Furthermore, for every k > 0, the above estimate holds even replacing the left hand side
by - SE o Nif(wi) — f(&*) + 0 pE(zk, %) or by ming<i<y, f(w;) — f(2*) + 0 4&(z, 2*) for the
classical method.

Remark 4.4.3. Method II with oy = 6y = 0 and 3; = 0 yields several versions of CGMs
because the constructed auxiliary functions are non-negative linear combinations of constants
and {m(z;; )} ;. In this case, Theorem 4.4.2 implies that the modified method ensures

1Dy 25k T A2 k .
s Diam(Q)” > ;o L(w;) 5 > ico Si0(Ti, T;)

Sk Sk

f(@g) = f(2¥) < % < (4.4.5)
k

2 2
for all k > 0, because ||#; — zi||* = % lwi — zi—1|)? < %Diam(Q)Q. This bound resembles

with the result [22, Theorem 5.3] of the classical CGM for the inexact oracle model. In fact,
if m¢(y;-) is affine for each y € Q (say, ms(y;x) = f(y) + (9(y),x —y)), then the classical
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CGM (3.2.19) can be arranged by replacing V f with g so that it is applicable to structured
problems in SP(my,0,0, L, ). Then, taking parameters 75, := Apy1/Sk41 and 2y := xy, the
arranged classical CGM admits the estimate’

Nolf(zo) — fa)]  ADIm(Q2 Y Lizi)%  SF Si6(wior, 2)
+ +
Sk Sk Sk

(@) = f(@") <
(4.4.6)
for all £ > 0. O

4.4.1 Key strategy of the proof

Although we have firstly shown the descriptions of Methods I and II, they can be derived
as a consequence of the discussion in this section. Moreover, we simultaneously obtain their
general convergence estimate shown in Theorems 4.4.1 and 4.4.2. Therefore, our observation
is taken under a general assumption rather than the ones in Theorems 4.4.1 and 4.4.2.

For non-smooth or structured problems, we generally consider a coupled sequence { (g (z),
Yr(x)) k>—1 of auxiliary functions satisfying Property B associated with weight parameters
{M\e}k>0, scaling parameters {0 }r>—1, and test points {xj}r>0. Then, we try to find a
sequence {2} C @ and constants {C} }r>¢ satisfying the following relation

(Rr)  Skf(@r) < r(wg) + Cy

for each k > 0. We use this relation to prove the estimates (4.4.1) and (4.4.3).
We also consider the alternative relations

k k
(P) Y Nif() < gr(wp) +Cr and  (Qr) Y Nif(wi) < tw(wy) + Ci
i=0 i=0
to prove the latter assertion of Theorems 4.4.1 and 4.4.2, respectively.
These relations yield the following estimate.

Lemma 4.4.4. Suppose that the convex optimization problem (4.1.1) admits Assumption 4.2.5
with a lower approximation model my(y;x) of f(x) and a convexity parameter oy > 0. Sup-
pose further that a sequence {Z}r>0 C Q satisfies the relation (Ry) for a coupled sequence
{(pr(x), Yr(x)) ti>—1 of auziliary functions associated with weight parameters {\i}r>0, scal-
ing parameters {fy}k>—1, and test points {xy }r>0. If the condition (B3) in Property B holds,

then we have p ' o
f(@r) — f(@) + 0p8(2k, ) < & d(zké,f) . £

Proof. The assertion follows from the condition (B3) and the relation (Ry); for any = € @,
we have

Vz € Q. (4.4.7)

k
Srf(r) < Z Ximg (45 7) + Prla(zr; ) — Spop€(zk, ) + Ck
i—0

< Sif(x) + Brla(zr; x) — Skopé(zk, x) + Ch.
O

! The proof of [22, Theorem 5.3] (with By = h* so that By = h*) replacing the notation (A(-), Akt1, Akt1,
Ly, 6k+1, k41, ﬁk+1,ak) of [22] by (—f(-),:L‘mZ]wL(wk),6($k,$k+1),7'k, Sk/)\o,)\k/)\o) for k > 0 shows the
desired estimate because showing the result uses the assumption [22, eq. (52)] with (L, d) = (Lk+1, 0k+1) only
at (A, A) = (Ak+2, Ag+1), which corresponds to our assumption (4.2.6) at (x,y) = (Tk, Tr+1)-
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Chapter 4 A Unifying Framework of Subgradient-Based Methods

Remark 4.4.5. (1) Analogues of Lemma 4.4.4 easily show that (FP;) and (B3) imply the
inequality

k
1 Ca(zk;
i 1) = S0) + 03€(a0,2) < g SEAS 0 = 1)+ optlan ) < PR
for z € Q. The conditions (Qx) and (B3) also conclude the same replacing x; by w;.
(2) When oy > 0, (4.4.7) provides bounds for the distances to z* from &) and z;: According
to the facts f(x) — f(2*) > op&(2*,2) and {(z,y) > F |z — y||* for z,y € Q, the bound
(4.4.7) implies

Brla(zk; x*) + Ck
0 704Sk '

. . 1. 1
min {2 — 2", a0 = 27|*} < 5 lw =)+ 5 12— 2°) <

O

Lemma 4.4.4 and Remark 4.4.5 (1) suggest us to prove (Ry) and its variants (FPy) or (Q)
in order to complete Theorems 4.4.1 and 4.4.2 (as detailed in Section 4.4.5). We now turn
an induction to establish them.

4.4.2 Validity of (Ry), (FP), and (Qx) when k=0

We start our induction in the case k = 0. Note that the settings of (i) and (ii) in the following
lemma are exactly the situations of the initialization step (0) in Methods I and II, respectively.

Lemma 4.4.6. (i) Consider a non-smooth problem in the class NSP(g,o¢) and let {(¢p(z),
Y(x)) b>—1 be a coupled sequence of auziliary functions satisfying Property B associated with
weight parameters {\; }i>0, scaling parameters { B }k>_1, and test points {xy}r>0. Then, the
relation (Ro) = (Py) is satisfied with &y := x¢ and

1 N

Co:==
0 20q(Xooy + -1

] lgoll? - (4.4.8)

(i1) Consider a structured problem in the class SP(mys,o¢,6¢,L,0) and let {(pr(x), ¥ (2)) br>—1
be a coupled sequence of auxiliary functions satisfying Property B associated with weight pa-
rameters {\, }r>0, scaling parameters {fi}r>—1, and test points {zy}r>0. Then, the relation
(Ro) = (Qo) is satisfied with &¢ := wy and
L(x o — .
Co 1= Ao (20 _ 2 or+ o l[wo — wol|” + Aod(wo, Eo). (4.4.9)
2 2 o

Proof. Note that, in general, (BO) implies ¢y (z;) = mingeg @i () > mingeq Yr(x) = Y (wy).
Since {f} is non-decreasing, using (B2) with = wy; yields that

Urr1(Wet1) > @r(2r) + Merimp(@p41; W) + (Br + Sko )€ (2k, Wet1)
> p(wr) + Aeramp(@ps1; wetr) + (Bk + Skop)€(2k, wey1)  (4.4.10)

for every k > —1. Let 0 > 0 be an arbitrary nonnegative number. Then, the conditions (B1)
and S_; = 0 lead (4.4.10) with £ = —1 to

Po(wo) > Ao [mf(io;wo) — 0&(xo, wo) + (0 + 5)\01) 5(1‘0,100)]
> )\0 [mf(xo;wo) — O'f(ﬂ?o,w()) + % (0’ + i;) H’wo — $0‘2:| . (4.4.11)
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Let us firstly show (ii). Letting o := &, the settings 9 = wo and (4.4.9) yields

(4.4.11)

bo(wo) +Co = Ao [mf(l”o;wo) — 5 &(wo, B0) + L(o)

2

&0 — woll? + 8z, fcoﬂ > Nof(0)

which proves the relation (Rp).
It remains to prove (i). By the definition (4.2.4) of my(-;-) for the non-smooth case, the
inequality (4.4.11) with o := o implies

o) = o e+ anv — o) + % (g + 52 ) o - ol
= Nof(ao) + ago, wo — a0} + 5 (oo + 1) g — o
> of(eo) - o2l
where the last inequality is due to the basic fact
% )| + % Is|? > (s,z) for z € E, s € E*. (4.4.12)
This means that the relation (Rp) is satisfied with the setting &9 = o and (4.4.8). U

4.4.3 Validity of (Ry), (Fx), and (Qy) for the classical method when &k > 0

Let us complete our induction for the classical method. The items (i) and (ii) in the fol-
lowing lemma correspond to the k-th iteration of the classical method in Methods I and II,
respectively.

Lemma 4.4.7. (i) Consider a non-smooth problem in the class NSP(g,o05) and let {(px(x),
() te>—1 be a coupled sequence of auziliary functions satisfying Property B assoctated with
weight parameters {\}r>0, scaling parameters {Si}r>—1, and test points {xy}r>0. Suppose
for k > 0 that the relation (Ry) is satisfied for some Ty, € Q, Cy, > 0. If the relation xp41 = 2k

holds, then the relation (Ryy1) is satisfied with 11 := %’fﬁmk“ and
1 A2
Cri1 = Ch + 5—7——— || grsa I} (4.4.13)

204 By + Skyi105
Furthermore, if (Py) is satisfied, then so is (Pyy1) with the same settings of xg+1 and Cliq.

(it) Consider a structured problem in the class SP(mys,0¢,65,L,0) and let {(or(x), Yr(x)) }p>-1
be a coupled sequence of auxiliary functions satisfying Property B associated with weight pa-
rameters {\ tk>0, scaling parameters {Bi}x>—1, and test points {xy}r>0. Suppose for k>0
that the relation (Ry) is satisfied for some & € Q, Cx > 0. If the relation xy11 = zi holds,

then the relation (Ryy1) is satisfied with Ty = Sttt M1 W1

Sroa and

L(z
Crkt1 = Crt+Ak+1 <( k1) _

oq (_ Br + Spoy
5 5 <Gf+

3 )) w1 = Tt ||+ X160 (Ths 1, Wit 1)
k41

Furthermore, if (Qg) is satisfied, then so is (Qr+1) with the same settings of xx+1 and Ciy1.
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Chapter 4 A Unifying Framework of Subgradient-Based Methods

Proof. Using (4.4.10) and the relation xpq = z; imply for any o > 0 that
Yer1(wrg1) > Yr(we) + Aeprmyp(Trpr; wiet) + (Bk + Skop)€(2r, Wet1)

= p(wg) + Agg1 <mf($k+1; Wiy1) — 0§ (Thy1, Whe1)

+ <0 + w) €(xk+1,w1c+1)>

Ak+1

> r(wr) + Mgt (mf(xk—i-l; Wit1) — 0&(Th41, Wet1)

P Bk + Sko
47 (a ¥ f) fwnr =zt ).
2 Ak+1

For the structured problems, letting o := ¢ and the definition of Cy41 in (ii) yield that

Vg1 (Wrg1) + Crg1 > Y (wi) + Cx + A1 f (Wrr1)-

Using (Ry) and the convexity of f conclude the relation (Ry1); (Qr+1) follows by using (Qk)
and the inequality above. Hence, the assertion (ii) is proved.

For the non-smooth problems, on the other hand, we can continue by taking o := o as
follows.

Vpr1(wpgr) = Ur(we) + X1 f(2p41)
g,

+ (Ne19k4+1, Wht1 — Tp41) + ?d(ﬁk + Set107) lwett — 2 ||

(4.4.12) 1 A2

> Yp(wp) + Ay f(Tpg1) — 2 04058 —I—kgzﬂdf

2
) ”gk-i-lH* :

Hence, the definition (4.4.13) of Cj41 yields that

Vrr1(Wrs1) + Crgr > Up(wi) + Cr 4+ Apg1 f(2g1).

Now the assertion (i) follows by the same way as (ii). O

4.4.4 Validity of (Ry) for the modified method when k£ > 0

The following lemma completes our induction for the modified method. In a similar manner
as Lemma 4.4.7, the items (i) and (ii) below correspond to the k-th iteration of the modified
method in Methods I and 1I, respectively.

Lemma 4.4.8. (i) Consider a non-smooth problem in the class NSP(g,0¢) and let {(vx(x),
Yr(x)) }>—1 be a coupled sequence of auziliary functions satisfying Property B associated with
weight parameters {\}r>0, scaling parameters {Bi}r>_1, and test points {xy}r>0. Suppose
for k > 0 that the relation (Ry) is satisfied for some Iy € Q, Cy > 0. If the relation
Tyl = Skm%i‘kflzk holds, then the relation (Ryy1) is satisfied with &y11 1= xk+1 and

1 A2 1Skt
Crs1 = Cr+ =— -
* 204 /\%_Haf + Sk+1(Br + Skoy

] g1 117 - (4.4.14)
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(i1) Consider a structured problem in the class SP(mys,o¢,6¢,L,0) and let {(pr(x), Y (2)) br>—1
be a coupled sequence of auxiliary functions satisfying Property B associated with weight pa-
rameters {\, } x>0, scaling parameters {By}x>—_1, and test points {xy }r>0. Suppose for k >0

that the relation (Ry) is satisfied for some &y, € Q, C, > 0. If the relations xy11 = Skm%w
and Ty = %’:1“}“1 hold, then the relation (Ry11) is satisfied with
L(zg1)  oq [~ Sk+1(Bk + Sko .
Cr+1 = Crg+ Sk (2” -5 (ot x ()\2 /) 1 Zk+1 — Tps |
k+1
+Sk410(Tpa1, Thot1)- (4.4.15)
Proof. Denote z_ , = Slet M1 Wit Tf g = Bk FNes1Zk polds th o — =
: k41 T Skt k+1 = Skt 0lds, When Ty = Tl =
’S\’;i (wk4+1 — 2x). Using (4.4.10) and the relation (Ry), we have
V1 (Wpt1) + Cr > Yp(wy) + Ck 4+ Xpg1mp (Tpg1; Wrp1) + (B + Skop)E(2k, Wig1)
> Spf(@k) + Meyrmp(Tp41; wer1) + (B + Skop)§(2h, we1)
> Spmyp(Tra1; Tk) + M1 p (g1 wig1) + (Bre + Sko )€ (2h, Wig1)
> Spa1myp(Trr1; V) + (Br + Skop)€(zk, wet), (4.4.16)
where we used f(z) > mys(y;x),Vo,y € Q and the convexity of my(xy1;-) for the last two
S2
inequalities, respectively. Since &(zx, wit1) > % ||wp1 — Zk:H2 = %)\’5“ HxﬁHl — ackHHZ and
k+1
My (Th130hp1) = Myp(Tri1; Tpgr) — 0&(Thy1, Typr) + 0E(Thi1, Thp)

004 2
> myp(Tri1; Thpr) — 08 (Thy1, Thyp) + o |lzks1 — 2hoia |
hold for any o > 0, the inequality (4.4.16) implies that

Urp1(wig1) + Cr > Skpa[myp(zpsir; 2hy) — 0&(Tpi1, 2hy)]

S, +S
k+1(§l€2 kW)) @y — 2 ||” - (4.4.17)
k1

o
+?dsk+1 (U +
Let us prove (ii) at first. Since &j41 = 2}, 41 by the assumption, adding

e (L(ﬂ?kﬂ) oq <5f N Skt+1(Br + Skoy)

_ e v

l@kr1 — Trpal|® + Skr10(Thit, Trr1)
2 2
k1

to both sides in (4.4.17) with ¢ := &; and using the inequality (4.2.6) imply the relation
(Rj+1) with Cg4q defined by (4.4.15).

To prove (i), on the other hand, letting o := oy and using my(zp41; ) ) —0&(Tpy1, 7)) =
f(zre1) + <gk+1,m§€+1 — l’k+1> leads (4.4.17) to

Yesr(wrr1) +Cr = Skpaf (@rg1) + (Sk1Grt1, Tho — Thi1)

o4 Sk+1(Br + Skoy) 2
s (o + T I
k1
(4.4.12) 1 Sl%
> S i +1 2
> ki1 f(Try1) 2 s (et S gkl
UdSk+1 of+ T
1 )\iHSkH

= Sy f(zryr) — ) gl -

Ttd )‘i-i-laf + Sk+1(Br + Skof
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This means that the relation (Rj41) is obtained with Cj41 defined by (4.4.14). O

4.4.5 Proof of Theorems 4.4.1 and 4.4.2

Let us complete the proof of Theorem 4.4.1.

Recall that Method I is equipped with a single sequence {¢y(z)}r>—_1 of auxiliary func-
tions satisfying Property A. Let {¢x(x)}r>_1 be any sequence so that the coupled sequence
{(pr(z), Yg(x)) }k>—1 satisfies Property B (e.g., take ¢, := ¢j). By the description of
Method I, we can apply part (i) of each Lemmas 4.4.6, 4.4.7, and 4.4.8 to show that the
relation (Ry) holds for every k > 0 with Cj defined by (4.4.2); for the classical method, the
relation (Pj) can also be verified. The assertion follows from Lemma 4.4.4 and its analogue
for the relation (Pj) (see Remark 4.4.5 (1)). O

Remark that this proof additionally introduced {¢(x)}r>—1 but it did not affect our
conclusion because its dependence appears only in the relations (Ry) and (Fy).

Theorem 4.4.2 can be proved as an analogue replacing (Py) with (Qx) and the part (i)
with (ii) in Lemmas 4.4.6, 4.4.7, 4.4.8. Note that, in this case, we do not need to introduce
an additional {¢y(x)}r>_1 since it is already in our assumption.

4.5 Optimal rate of convergence for non-smooth problems

From this section to Section 4.7, we discuss rates of convergence of the proposed methods for
specific classes of problems. We firstly focus on Method I for the non-smooth problems in
the class NSP(g,0¢). Our aim is to find explicit choices of weight parameters {\}r>0 and
scaling parameters {0 }x>_1 which ensure an efficient convergence. Recall that the optimal
complexity for the non-smooth problems is given by

2 2 2
0 (M i > and O <M>
g orfe
for the non strongly and strongly convex cases, respectively, where M = sup{|lg||, | = €
Q, g€ df(x)} and R = Uid d(z*).

We divide our discussion into the non strongly convex and the strongly convex cases in
Sections 4.5.1 and 4.5.2, respectively.

4.5.1 Optimal rate of convergence in the non strongly convex case

Let us consider Method I in the non strongly convex case oy = 0. In the next theorem, we
analyze two choices of parameters {\;}x>0 and {5k }r>_1, called the simple and the weighted
averages [52, eq. (2.21) and (2.22)], which ensure the optimal convergence rate. These choices

~

utilize the sequence {fj}r>_1 defined in (3.1.13) where we use the identity

. k—1 1
VE>0, B=Y — (4.5.1)

i=—1 Bi

and the inequality [52, Lemma 3]

VE>0, V2k+1<p< +V2k+ 1. (4.5.2)



4.5 Optimal rate of convergence for non-smooth problems

Theorem 4.5.1 (see also [52]). Consider a non strongly conver and non-smooth problem in
the class NSP(g,0). Let {Bi}r>—1 be the sequence defined by (3.1.13).

(Simple Averages) Let {(zk—1, %k, Gk, Tk) } >0 be generated by Method I with parameters
Ap =1 and By, := Py for some v > 0. Then we have

M? ) 0.5+ v2k+1

2047 k—+1

k>0, i) - f(") < (veduk;x*) n (45.3)

and

A N 2d(x* M?
Wz -1, i {eeQ s le-a P20y 0L @sa)
o4 o3

5 M_1 =0 and M. = ; k>0.
where 1 an k org%XngZH* for k >

(Weighted Averages) Let {(zx—1, 2k, gk, Tk) }k>0 be generated by Method I with parameters

1 Bk
Ak = and By := —— for some p > 0. Then we have
19kl PVId
. . 1 [(la(z;2*)  p\ 0.5+ 2k +1
vk >0 — <M =) 4.5.5
>0, flan) — fla") < M (BT £) SAEE (455
and
2d(x* 2
VE > 1, zk,xkﬂ,fckﬂe{xecz : ux—x*rﬁs@*”}. (45.6)
d

Moreover, for both simple and weighted averages, the above f(Zy) — f(x*)’s can be re-
placed by its upper bound sika:O Nif(x;) — f(z*) when we use the classical method in
Method I. In this case, the left hand side of the inequality can be replaced by min{ f(Zy) —

J(x*), ming<;<p f(2:) — f(2%)}.

Proof. Because oy = 0, both the classical and the modified methods yield the same estimate
of Theorem 4.4.1:

koA 2
Brla(2i; %) + 557 2oig 7 il

Sk

VE >0, f(ip)— f(z¥) <

Substituting the specified (Ag, 8x) in the simple and the weighted averages shows (4.5.3) and
(4.5.5), respectively, thanks to the properties (4.5.1) and (4.5.2) of fy.

Denote by By the ball on the right hand side of (4.5.4) for & > —1. Then By C By
for each k > —1. The inequality (4.5.3) implies that v0q(zx; 2*) + (2047) ' MZ > 0 for all
k > 0, and using the strong convexity, d(z*) > {q(zx;2*) + % ||o* — zil|?, we can obtain
that zj, € By for each k > 0. We also have z_1 € B_; since z_1 = x¢ = argmin,q d(7),
d(z-1) = d(z0) = 0, and d(z*) > Lg(z—1;2") + G ||z—1 —z*? > Gzt —z*||?. Finally,
we conclude that xgy1, 211 € By for all £ > —1 because they are convex combinations of
{z}%__|. The proof of (4.5.6) is similar. O
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Remark 4.5.2. The bounds (4.5.3) and (4.5.5) are slightly smaller than the ones in (3.3) and
(3.5) in [52], respectively, because of {4(zx; 2*) < d(z*) < D. However, essentially, Nesterov’s
original argument also arrives to the same bound when d(x) is continuously differentiable on
@ (note that [52] does not impose the differentiability on d(z)). In fact, in [52], Theorems 2
and 3 rely on the estimate (2.15) which is implied from (2.18). Notice in (2.18) that we have

Vi (—8k11) = ggg{@kﬂ, r — x0) + Pr1d(x)} = ggg{@kﬂv r — x0) + Brr1la(Try1; )}

by the optimality of xx41 = 7, (—5k41). Then adding Zf:o Nilf (%) + (gi, xo — x;)] and
using sp1q1 = Zf:o Aigi in (2.18), we obtain

k k

1 A2 9
)\ < )\ Z) — Ay € ) By - (
Z 2%3 {Z (gi i) + Brg1la(Trt1 95)} + S0, Z ) llgills

=0 1=0

which corresponds to the relation (Rk)Q This yields the same bound as our analysis for the
DA model. O

A consequence of Corollary 4.5.1 is that if M := sup{||g||« : ¢ € 9f(x), = € Q} is finite,
Method T generates a sequence {2} such that f(&;) — f(z*) with a rate O(1/vk) in the

number k of iterations. In particular, if we know an upper bound R > , /gidd(x*) and for the

\/ij\c/r[dR and p := /204R make the
estimates (4.5.3) and (4.5.5) optimal, respectively, giving the optimal iteration complexity
O(M?R?/e?) for the non-smooth problems. Also Method I with the parameters suggested in
Corollary 4.5.1 produces bounded sequences {z}, {2}, and {2z} (even if M = +oo for the
weighted averages case).

These features are similar to the DAM. We can obtain the optimal convergence rate if we
know an upper bound for d(z*), but without assuming the compactness of @ and fixing the
required number of iterations.

It is important to note that, according to Corollary 4.5.1, the extended MDM (Method 4.3.5)
ensures the rate O(1/v/k) of convergence without fixing a priori the total number of iterations
and knowing an upper bound of d(z*) required for the weight parameters (3.1.4) of the orig-
inal MDM. Furthermore, this advantage holds even if the feasible set () is unbounded. The
existing averaging techniques [43, 44] of the MDM assume the compactness of @) to achieve
the same complexity.

Method I with the DA model (4.3.8) recovers the convergence result for the Nesterov’s
DAM (3.1.9) and its variant (3.1.14). In particular, Theorem 4.4.1 and Corollary 4.5.1 pro-
vide a small improvement over the original result assuming the differentiability of d(x) (see
Remark 4.5.2).

single averages case additionally the M, the choices v :=

4.5.2 Optimal rate of convergence in the strongly convex case

Let us consider the strongly convex case oy > 0 in Method L. In the general convergence
estimate (4.4.1), we remark that

)

A2S; B \? - A2
Moy + Si(Bi-1 + Sic10y) 5, + Si105+ %fgf = Bi-1+ Sioy

2Notice that 41 and B4 in [52] are called zy and B here, respectively.

56



4.5 Optimal rate of convergence for non-smooth problems

holds since \;/S; < 1. In this case, theoretically, the classical method ensures not a worse
convergence rate than the modified counterpart.

We give an optimal convergence result with a simple choice for the parameters A\ =
(k+1)/2 and fj, = 0 below. Note that every subproblem min,cq ¢ (x) has a unique solution
even if B = 0 because o(pi) 3 Bi + Spos = Spos > 0 (see the proof of Theorem 4.3.1).

Theorem 4.5.3. Consider a non-smooth problem in the class NSP(g,0y). Let
{(zk=1, Tk, gk, Tk) k>0 be generated by Method I associated with A\, = (k +1)/2 and B = 0.
Assume that oy > 0 and supg> |lgxll, < My < +o00. Then, we have

2M?
max{ f(2x) — f(z"), Oglzlgk fzi) — fa")} + Uff(ﬁUkH;l"*) < m, Vk >0

with the classical method, and

Vk>1

2 2
F(r) — f(2*) + 05z, a*) < 2M5 k + logk + 3/2 B < M; )

040 f (k:—}—l)(k‘—FQ) o O'dO'fk:
with the modified method.
Proof. Since B =0 and S = WLM, Theorem 4.4.1 implies the estimate

AC),

f(j?k) - f(.%'*) + Ufg(Zky.%’*) < g': = m (4.5.7)

with Cy defined by (4.4.2). The classical method also admits the same estimate replacing
f(@) = f(&") by mino<i<k f(2:) — f(2").

For the classical method, we have

2 k

22
f i
; -+ 4.5.8
QUdzﬁz 1‘|‘SO’ lgil 20’d ZS ( )
because of 8 =0 and ||g;||, < M;. Using the inequality
k 2 k
A; i+ 1 (k+ 1) (k+2)
2 4.5.9
25" i ra (459
=0 =0
(see [22, Proposition 7.3]), we obtain the first assertion.
In the modified method, on the other hand, we have
k 2 k
1 A2S; i+1)(i+2)
Ok = 5522 0 TS (Bs ¥ 50 Hg”*—zfz 2) + 4
04 0 Z‘O'f"’_ z(ﬁz—l"i‘ —10Ff ) gJqo Z"" +

and
i1+1 )i+2) _ 1 Z’“:H (i +2) 1+i D) <Lk a0k
i— i(i +2)+4 2 — (i +2) 2 =1 v 2 *

%

for all k£ > 1, which leads (4.5.7) to the second assertion. O
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Chapter 4 A Unifying Framework of Subgradient-Based Methods

Let us see another choice of weight parameters ensuring the optimal iteration complexity.
Due to the bound (4.5.8), the classical method with 5 = 0 provides the estimate

kA2

. N . Cy MJ% dico S
_ < =< L

f(@r) = f(27) + op§(2k,27) < Se = 2000,5

2
For instance, the choice A\g := 1, A\gy1 := w (k > 0) ensures that
Foe) = Fa") + ogelan,a”) < —d (45.10)
Tr) — f(&") +oié(zp,2") < ———— .5.
. IR oqof(k+4)

since we have A2 /Sy =1 and Sy, > (k + 1)(k +4)/4 by Lemma A.4 given at Appendix.

Let us consider the particular case presented in Example 4.3.3 (2), that is, the classical
method in Method I with the auxiliary functions define by the EMD model (4.3.7). Theo-
rem 4.5.3 above recovers the convergence for the Bach’s averaging (3.1.8) because it coincides
with our approximate solution Z;. Moreover, the approximate solution Z; coincides with the
w (k> 0). Under
the same assumption as [43] that f is of-strongly convex on @ and £(y,z) < % |z — ?/||2 holds
for z,y € @ (recall Section 3.1.1), the estimate (4.5.10) provides the same rate of convergence
as the estimate (3.1.7) (notice that we have oy € o(f) by Corollary 4.2.3).

When we apply our result for Method I with the auxiliary functions generated by the
DA model (4.3.8), we obtain a new convergence result on the extensions of the DAM and its
variant to the strongly convex case. Note that we do not exploit a multistage procedure and
do not require an upper bound of d(z*) in contrast to [33].

Nedi¢-Lee’s averaging Ty (3.1.5) with the choice \g := 1, Agpqq =

4.6 Convergence results for structured problems with con-
stants L and ¢

In this section, we focus on structured problems in the class SP(my, 0,65, L,6) with the
particular case L(-) = L > 0, §(-,-) = 6 > 0. In this case, we additionally assume that
L > Gyog; notice that, in view of my(y;x) < f(x) and {(y,z) > % |z —y|? for z,y €
Q. the inequality (4.2.6) yields 0 < (L — 50yq) |y — z||* + & for every z,y € Q which
forces Diam(Q) < \/26/(6f0q — L) if L < 6y04. Note that this case includes the smooth
problems, the composite model, and the inexact oracle model (with constant L(-) and §(-))
in Example 4.2.8.

4.6.1 Convergence rate of the classical method

Let us see the convergence result of PGMs yielded from the classical method of Method II.
The obtained rate of convergence does not ensure the optimality for smooth problems in the
class F1(Q).

Theorem 4.6.1. Consider a structured problem in the class SP(my,0¢,65,L,5). Assume
additionally that L(-) = L >0, 6(-,-) =6 >0, and L > 5y04. Let {(zp—1, Wp—1, Tk, Tk) }r>0
be generated by the classical method of Method II with

L—o504 _ B + Skoy

=—— X=1, A =— 4.6.1
/Bk o4 ) 0 ) k+1 ,Bk; (6)
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4.6 Convergence results for structured problems with constants L and d

Then, for every k > 0, we have

) L—Go4 . ofoq f
— f(x* N Iy ¥ 1—
Flan) = f@")+op8la, 27) < o4 a5 27) m{( L—6s04+0504) " k+

Furthermore, the left hand side of (4.6.2) can be replaced by S%Zfzo Mef(wg) — f
o&(zk, ) or by ming<;<y f(w;) — f(x*) + op&(z, 2%).
Proof. By Theorem 4.4.2, the classical method satisfies the estimate (4.4.3) with

k
_1 ) _ Bi—1+S; 10f
o 13 o+ ) s

Remark that the definitions of \; and S eliminate the first summation of C}, so that C} =
Zf:o Aid = Sid (since W Bi—1 = m) Moreover, we have for all k¥ > 0 that

(o)

Sp=1+ <1+Uf> Sp_1 = Sp > max <1+Sk_1, <1+> Sk 1>
B B

—k
— S, > max k+1,<1—af> .
B-1+0oy

Therefore, the assertion follows from Theorem 4.4.2. O

In the case L > 604, the right hand side of the estimate (4.6.2) converges to 6. When
L =604 (i.e., B, =0) and 6 = 0, the estimate (4.6.2) says that &g is an optimal solution.
This is an obvious assertion because f(x) = mys(y,z), =,y € Q follows from (4.2.6) and
thus the conditions (B2) and (B3) imply 29 € Argmin g ¢o(z) = Argmin,cq Aomys(zo,r) =
Argmin, g f(7).

Let us see our result in particular examples.

Example 4.6.2 (Composite structure). Consider the composfce problem mingeq[f(z) =
fo(z)+¥(z)] with fo € F}(Q) in the Euclidean setting d(z) = 3 ||z — xo||3. This corresponds
to the case 0g =1, 65 = 0y,, 0f = 04, + 0w, and § = 0 as Example 4.2.8 (iii).

Consider the classical method of Method II with the choice of parameters in Theo-
rem 4.6.1. In this case, the EMD model (4.3.7) and the hybrid model (4.3.9) yields the
primal gradient method (3.2.1) and the dual one (3.2.2), respectively (Example 4.3.4 (2b)).
In the non strongly convex case oy = 0, Theorem 4.6.1 gives the estimate

o~ Lla(zisz®) _ Lz — 2%
< <
s flw) = f(#7) < = 29— = =0
recovering the known estimate (3.2.3) for them. This estimate also holds for the DA model
(4.3.8) reducing the number of subproblems compared with the hybrid model (cf. Exam-
ple 4.3.4 (2b)).
In the strongly convex case oy > 0, Theorem 4.6.1 yields the linear convergence

min {7 (a1) = 1), i, 10) — 1) | + o) < (L= opateaia®) (1- 1 )k

0<i<k L+ oy
L—oy of k 9
< — (1 -5 .
< 2570 (1 22 ) - oI
(4.6.3)
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Chapter 4 A Unifying Framework of Subgradient-Based Methods

In particular the primal gradient method ensures this estimate without knowing ¢ and oy.
For the primal gradient method, we have another estimate (3.2.4) by Nesterov. Here we show
that our linear convergence factor 1 — Lij; — is better than the one in (3.2.4).3 Now since we
have L > oy, and oy = oy, + oy, we always have

1 oy L—O’f0<L—Uf0 <L

B L+ oy - L+oy = op +ow ~ oy
Therefore, it suffices to consider the case L/oy > 1/2, that is, 2L > o. In this case, we have

AL>L+2L>L+o;>L+oy

and thus 1 — Li{; —-<1- Z% holds. This shows the claim. O

Example 4.6.3 (Inexact oracle model). Suppose that the objective function f is equipped
with a (6, L, p)-oracle in the Euclidean setting d(z) = 3 || — zoll3. In this case, we have
of =0 = pand 6(y,x) = 9 as Example 4.2.8 (v). Theorem 4.6.1 states that the classical
method of Method II setting

L —pu+ Sgp

=L - =1, A =
/Bk My 0 > k+1 L—/J,

yields the estimate

k

i () = )+ 0y€(ea’) < (0= whataiamin{ (1= 2), L

Recall from Example 4.3.4 (3) that the EMD model (4.3.7) and the hybrid model (4.3.9) yields
the primal gradient method (3.2.5) and the dual gradient method (3.2.6), respectively. Also
recall that our choices of {\;} and {5} were not equivalent to (3.2.8) analyzed in [17] for the
dual gradient method. Comparing the above estimate with (3.2.7), our choice of parameters
ensure smaller upper bound in view of L — p < L and £g(zx; 2%) < 5 [|zo — z*||5. Again the
primal gradient method ensure our result without knowing p. Using the DA model, we can
reduce the number of subproblems of the dual gradient method preserving the convergence
property as remarked for the composite structure (Example 4.3.4 (2b)). O

4.6.2 Optimal rate of convergence for the modified method

The modified method of Method II for the structured problem in the particular case L(-) =
L >0, 6(,-) = > 0 can be analyzed as follows. Differently from the classical method, it
achieves the optimal convergence rate for the class F i(Q) The result below further implies
efficient rates for the CGMs, too.

Theorem 4.6.4. Consider a structured problem in the class SP(my,0¢,65,L,5). Assume
in addition that L(-) = L >0, 6(-,-) =6 >0, and L > 7y04.
(i) Let {(zk—1, Wk—1, Tk, Tk) } >0 be generated by the modified method of Method II with
I3
Bp= 2% N =1, M2, = <1+Sk

0d

919d ) (Aes1 + Sk) (k> 0) (4.6.4)
L—06y504

3Remark that this improvement does not imply that our estimate (4.6.3) is better than the Nesterov’s one
(3.2.4); their comparison will depend on the parameters.
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4.6 Convergence results for structured problems with constants L and d

(i.€., A\g+1 s determined as the largest root of the above quadratic equation). Then, for every
k > 0, we have

L—ﬁfO'dE ( *) . 4 1+1 0§04 —2k
_— Rl X )ININ § ——5 - —_—
o4 A=k (k+2)27 2 L—a'fUd

11 L—o
+mind k+ - log(k+2)+1, 14/ — 2745
3 6 of0q

(i) Suppose further that oy = 0 and Q is bounded. Let {(zx—1,wk—1, %k, Tr) } x>0 be generated
by the modified method of Method II with B, =0, \g := (k+1)/2 as a CGM. Then, for every
k > 0, we have

f(@r) = f(z") +os8(2k,2%) <

. * 2L maxo<i<i ||w; — Z¢—1H2 k+3
_ < ==
f(Ee) = f(@%) < k+4 3

Proof. By Theorem 4.4.2, we have the estimate (4.4.3) with

J.

k k
1 _ ., Si(Bi-1+ Si—10y) . 2 .
- = A () — o S A
Ck 5 ;Sz ( (zi) — 04 (Uf + 3 & — ]| + i:E y Si0 (i, &)
1 - A2 I _ Si(Bi—1 + Si—10y) , o 5.5
= 51 OE —og|or+ )\12 |wi — zi—1]] —l—i:EO i0.

(i) The recurrence of {\;} can be rewritten as

_ _ g
Moyt =By '(Skop + Be)Skp1 <= L—56s04= vid(sko'f + Br) k41

F1
S S

— L=o4|5;+ k+1(5k2+ k9s) .
Akt

This eliminates the first summation in C}, above so that we have C), = Zf:o S;6. Therefore,
the estimate (4.4.3) implies

L—o 1 1-6_ S;0
L0594 gy - 4 20058

f(@g) = f(2) + p€(2k,27) < o Sy Sk

It remains to estimate 1/Sj and Zf:() S;/ Sk which is left to Lemmas A.1 to A.4, given at
Appendix.

(ii) Letting 8y = 0, and o = 0 in Theorem 4.4.2 with C}, described above and using the
inequality (4.5.9) establish

kA2 2
Cr LYo 3 llwi—zil N S 0 Sid

Ly) — <= 4.6.5
f@n) - f(a") < - - (1.65)
Therefore, the choice A\ = (k + 1)/2 yields the estimate
. o _ 2Lmaxocick lwi — zia|® | k+3
_ < SS ]
F() — 1) < 2l s
U
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Chapter 4 A Unifying Framework of Subgradient-Based Methods

Let us discuss the above result for particular classes of structured problems.

Example 4.6.5 (PGMs for composite/smooth problems). Consider the composite problem
mingeq[f () = fo(z) + ¥(z)] in the Euclidean setting d(z) = 5 ||z — zol5. We have o4 = 1,
Gf=0¢p,0f=0f+0op,and § =0 (Example 4.2.8 (iii)). By Theorem 4.6.4 (i), the modified

method of Method IT with the parameters (4.6.4) ensures the estimate

2 —2k
N * or %112 (L — Jfo) on B JkaZ . 4 1 gf
_ 'l _ < I S )
(@) —f(2")+ 9 llzx — ||2 > 9 min (k + 2)2’ L+ 2\ L -0y,

This estimate resembles the one (3.2.17) of the Nesterov’s accelerated method. We remark
that Method II does not include the Nesterov’s accelerated method [53] as a particular in-

stance in general.

When ¥(z) = 0 (then oy = 0 and oy = 0y,), our method attains the optimal iteration
complexity for the smooth problems. In fact, since log(1 4+ 2) > 3 holds for z € [0,1], we
obtain

Therefore, zj, is an e-solution whenever

— - . )2
k > min \/2<L o) lwo — 2"l —2, 2\/Tlog <(L of)l|wo — H2>
e of 2e

Recall from Example 4.3.4 (1) that particular instances of Method II include the Nes-
terov’s modified method (3.2.9) and Tseng’s APG methods (3.2.10), (3.2.11). Our result
therefore gives extensions of them to the strongly convex case ensuring the optimal iteration
complexity. O

Example 4.6.6 (PGMs for inexact oracle model). Suppose that the objective function f(x) is
equipped with a (6, L, u)-oracle (2.4.14) in the Euclidean setting d(z) = ||z — x0||§ , 0g = 1.
Theorem 4.6.4 (i) with the correspondence oy = 6y = p yields the estimate

~ * Gf *(12 * 3 4 1 7'UJ o
_ 4 — < — ; T oo a
f(@r) — fla*) + 5 lze — 2|3 < (L — p)la(zk;x )mm{(k+2)2, <1 + 2\/;>
+min{1k+1log(k+2)+1a1+\/H}5
3 6 H

for all k£ > 0, which is slightly better than the estimate (3.2.18) for the fast gradient method
[17, Algorithm 3] in view of (L — p)la(z; ™) < Ld(z*) and 7 < . We remark that the
fast gradient method does not arise as a particular instance of Method II in general. O

Example 4.6.7 (Convergence results for CGMs). Let us compare Theorem 4.6.4 (ii) with
known estimates for existing CGMs reviewed in Section 3.2.3. Note that Theorem 4.6.4 (ii)
yields the estimate

2LDiam(Q)? k+3
k+4 3

f(zg) = f(a") < 5, Vk>0.
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For the inexact oracle model, it is similar to the estimate of the classical CGM (3.2.19)
shown by Freund and Grigas [22, Section 5.2.1]. In fact, the general bound (4.6.5) of the
CGM resembles the bound (53) in [22].

Our result for the composite problems as well as the smooth ones yields the the same

upper bound % as the one (3.2.20) of the classical CGM. For the smooth problems,

Method II with the choice 8y = 0 and A\, = %32 includes the Lan’s CGMs (3.2.21) and
(3.2.22) (cf. Example 4.3.4 (1)) recovering the estimate (3.2.23). O

4.7 Optimal/nearly optimal rates of convergence for weakly
smooth problems

In this section, we consider structured problems in the class SP(my,0¢,6¢,L,0) in the par-

M y

ly — ll” where M() >0, p e [1,2),

which include convex problems involving weakly smooth functions in the class Ff, 1(Q) (Ex-
ample 4.2.8 (ii)) or involving a mixed smoothness (Example 4.2.8 (iv)). We excluded the
case p = 2 since it reduces the situation 0(y,x) = 0 which has been already discussed in the
previous section.

In particular, we aim to establish the iteration complexities (2.4.7) for the PGMs and
(2.4.8) for the CGMs via the modified method of Method II for weakly smooth problems.
Complexity results for PGMs in the non strongly and the strongly convex cases will be given
in Sections 4.7.1 and 4.7.2, respectively. In Section 4.7.3, we finally prove optimal/nearly
optimal convergence results for CGMs.

We at first prepare the following lemma for the analysis of PGMs.

Lemma 4.7.1. Consider a structured problem in the class SP(my, 04,65, L,6). Assume that
S(ya) = ML |ly —a]l7, p e [1,2), M() = 0. Let {(z4-1,wy-1, 25 @) bz be generated by
the modified method of Method II with weight parameters {\i}r>0 and scaling parameters

{Bk}k>—1. Put a := L(xy) — 04 <6f + M) If a; < 0 for each 0 < i < k, then
- k

we have

f(@r) = f(27) + 0p8(z, 27) <

« k
Bila(zi; x*) N (2 — p) maxo<;<i M(z;) 2 » Z

S 2pSy, P 0 2 b

Proof. Note that the function g(r) = ar? +br? for r > 0,a < 0,b € R satisfies max,>( g(r) =
2%”(—2@)%(@)%. Hence, Theorem 4.4.2 concludes that

. * * 5k:fd Zk, M(z;) |, .
F@n) - 56 +ogeart) < BB 4 25 s (L —azimﬁj) -
i=0
Brla(z 1 & —s >
< 7"” D —Z (—a) 76 M ()77,
Sk i3
which proves the assertion. O
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Chapter 4 A Unifying Framework of Subgradient-Based Methods

4.7.1 Optimal rate of convergence in the non strongly convex case

Let us deduce a convergence result of PGMs given by the modified method of Method II for
the non strongly convex case oy = 0y = 0. The result with p = 1 is closely related to the
deterministic versions of [25, Proposition 8] and [12, Corollary 1].

Theorem 4.7.2. Consider a structured problem in the class SP(my,0¢,6¢,L,5). Assume
additionally that L(-) = L > 0, oy = 6y = 0, and d(y,x) = @ ly —z||” for p € [1,2),
M(-) > 0. Let {(zx—1,Wg—1, Tk, Tk) tk>0 be generated by the modified method of Method II
with

k+1

L
A= s Bpi= — 4 L (k43)2@2) 4 >0,
2 o4 04

Then, for every k > 0, we have

AL04(zg; ™) Avly(z; x*) n mMaxp<;<k M(xz)'é’%ﬂ (k+ 3)%(2_”)
oa(k+1)(k+2) o4 3py7 s (k+1)(k+2)

flEn) — f(a") <

Proof. We apply Lemma 4.7.1 to prove the assertion. Note that

B AL 4y (k 4 3)2 ) (471)
Sy gk +1)(k+2)  ogk+1)(k+2) o
§2-p) 32-0)
and «f in Lemma 4.7.1 becomes now aj = —%H — 7% < —7%
Furthermore, we have
k k . L4 k
1 1 1)2- 1 .
72 < L (i+ 1)z g Z(i_i_z)Zf%p
Sk i35 ( 2 i—0 472" ”(2+2)2p+7_ 42+ Sk, =0
3
1 2 2(k +3)2(27)
< > (k+3)3 30 = 2 +3)2 ;
4y75 8, 3(2 = p) 32— p)y=h (k+ 1)(k +2)
(4.7.2)

where the second and the third inequalities are due to i +1 < ¢ 4 2 and the fact Zz oli +
2)7 < q (k: +3)19, VYg > —1, respectively. Consequently, the theorem follows by applying
Lemma 4.7.1 with the inequalities (4.7.1) and (4.7.2). O

Notice that we need the parameter p to define 5 but not the M (-). Now let us observe
an efficient choice for 4. Suppose that M (-) = M. Using £4(z; x*) < d(z*) and the fact that

1
the function g(vy) = avy + 7% (a,b,p > 0) attains its minimum at v* = (pb/a)»+ on (0, 00)
- 1
with g(v*) = (p + l)pﬁaﬁbﬁ, the choice

2 3 2—p
e p M2=r o4 Y, o4 2
TV T\ 2T, 3 dd(@) — 1202 = p)d(z)
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makes the estimate of Theorem 4.7.2 as follows:

4Ld(z*)
ook +1)(k+2)

fE) = f(2") <

o\ (ada)\E (MR T (k4 3)ien)

2 p<2 p) ( o4 > 3p > m

B ALd(z*) 2(2v/3)” Iy axﬂ)g (k +3)32-0)
T b)) a5\ od ) B D+2)

(4.7.3)

The case M = 0 matches the optimal convergence rate for the smooth problems.

Let us see that the case L = 0 in (4.7.3) attains the optimal iteration complexity (2.4.7)
for the weakly smooth problems (f € Ff, 1(Q)) in the non strongly convex case. Relaxing
k+3 < 3(k+ 1), the estimate (4.7.3) with L = 0 yields

3p—2

>§(l~c+1)‘ 2

14+p . 92—p x
SQ 3_M<d(a;)

04

Therefore, we obtain f(&) — f(x*) < € whenever

ol+p . 32—p 3927*2
cp)=|————== :
p(2—p)2
It matches the optimal iteration complexity (2.4.7). One can verify that c(p) is decreasing
n [1,2), ¢(1) = 144, and lim, s c¢(p) = 2. In fact, ¢/(p) is given by

where

6e(p) c(p) 3
d(p) = ———"“=loga(p) — ———— (2 —p+2plog = — plog(2 — p
(°) (3p —2)? (®) (3p—2)p 2 )
where a(p) = w It is easy to see 2 — p—|—2p10g2 > 0, log(2—p) <0, and loga(p) >0
p(2—p) 7

for p € [1,2) showing that ¢/(p) < 0.

This result is more of theoretical interest only because the attainment of the optimal
iteration complexity above requires to know M and p to determine the parameters {(5x, A\x)},
in contrast to the Nesterov’s universal gradient method [54]. One of their differences is that
our result ensures the convergence f(z;) — f(z*) with the optimal rate while the Nesterov’s

method [54] ensures only limsupy_,..(f(Zx) — f(z*)) < § for a tolerance parameter ¢ > 0
fized in the method.
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Chapter 4 A Unifying Framework of Subgradient-Based Methods

4.7.2 Optimal rate of convergence in the strongly convex case

Now we show a convergence result of PGMs in the strongly convex case oy > 0. We use the
following notation for our claim

1 _
(r+2-22) (k+1)7 %% ipr1> 2
1+10gk 3P 2
P(k):={ (k4 1)ptl 1 p+l=5 (4.7.4)
1—<p+2——>
P 3 2
| &+ D)p pt+1<3 3p=2

Theorem 4.7.3. Consider a structured problem in the class SP(my,0¢,65,L,5). Assume
additionally that L(-) = L >0, o7 > 0, and §(y,z) = L2 ||y — z[|* for p € [1,2), M(-) > 0.
Let {(zk—1, Wk—1, Tk, Tk) }k>0 be generated by the modzﬁed method of Method IT with

1
Ap o= k+1 = — k+2)P!
k +1( +1)P, B <0d+5>( +2)
where p > 1 and B > 0 with 0407 +pL + (p+ 1)oqB > 0. Then, for every k > 0, we have

(k27—
(k + 1)ptt
2
(p+1)(2 — p) maxo<i<p M(2;)2 " 1
+ P p+1
2p(045¢ + pL + (p+ 1)ogB)7s (k+1)
+3p+1(2 p) MaxXo<i<k M(fcz)2 ’ <2p f(p+ 1)
2p

F(@8) — fa) 4 osE(ma®) < (fd n 5) (0 + 1) 2a(exs 2”)

)p P(k),

40 f
where P(k) is defined by (4.7.4).
Proof. Let us apply Lemma 4.7.1. Firstly, note that [ is non-decreasing and (p+1) s(k +

NPl < 6, < W(k +2)P*L. We then have
Be _ (L o (k+2)P71
kaﬁ ;d+5 (p+1) W_O(k )- (4.7.5)
. .- SkSk— +1
Secondly, the inequalities i—% > W and ’“)\Q; L > (p+11) (kfi)p T > e 1(p+1)2 for k>1
imply
_ Sk(Br—1+ Sk-107) _ gdof 2
—qp 1= —L> ——k 0, k>1.
ap = 0q <Uf+ ¥, _0d0f+ﬁ0d+2p,1(p+1)2 > 0, >
Therefore, we obtain
_P P
Sk - 1 <2p—1(p+ 1)2) =0 (k + 2)p+1 - gp+1 <2p—1(p+ 1)2> 2—p kp"’l_%
(—ap)zs  (p+1)? 40y pis o (p+1)? 40y
for all £ > 1. Combining with So — 1 ylelds that
(~00)7  (p+1)(040 oL+ (p+1)oaB) 77
k p—1 2\ 755
LZ ptl L g (2 b+ 1) ) " P(k)
Sk 35 (—ai)? (Ucﬁf +pL+ (p+1)og) 2 (k+1)PH 0o
(4.7.6)
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where the factor P(k) is due to the following inequality:

k ﬁlq(k‘-i- DHatt g > -1,
Ziq§ 1+ logk iqg=—1,
i=1 1—1—}rq cq < —1.

Consequently, the assertion follows from Lemma 4.7.1 with the inequalities (4.7.5) and (4.7.6).
O

Notice that we do not need p and M(-) in the definition of the parameters Ay, Og; the

result holds for all acceptable p € [1,2). If we further have p +1 > 32%_{)2, then P(k) has the

best rate of convergence for a fixed p. Now let us see the above upper bound in the case
L=0, 0p=6;>0, M()=M, 8=0, p+1> %>

f@ar) = f(@*) + o p€(zr, 2¥)

2

< (+D@=—pM>=r 1
- 2P(Uddf)§£p (k+1)P+?
1o 2 -1 2\ 5= -1 _ 3p—2
+WM27P(%>2P<Z)+2_%) (k—l—l) 2p7p.

- _3p-2
Since this bound is of O (c(p,p)(gi‘ij/)%k 2p*ﬂ) for a continuous function c(p, p), it

achieves the optimal complexity (2.4.7) for the strongly convex case. In contrast to the op-
timal method in [45], we do not employ restarting the method and do not require constants
M and R > d(z*) in advance® to ensure the optimality.

Let us consider the non-smooth case p = 1, 6y = oy > 0. Then, taking p =1 and 8 =0
yields \y = (k+1)/2, Bx—1 = L/og, and

4L€d(2k; $*) maxogigk M(J,‘Z)Q 18 maxogigk M(]}l)Q

f (k) *f(x*)JrUfé(Zkvx*) < oq(k +1)2 (a-do-f+L)(k+1)2 Ude(k‘-l-l)

This result resembles the ones [25, Proposition 9] and [12, Corollary 2] in the deterministic
case.

4.7.3 Optimal/nearly optimal rate of convergence of conditional gradient
methods

We finally consider the case of conditional gradient methods: 3 = 0, oy = 6y = 0. This
case can be analyzed without Lemma 4.7.1.

Theorem 4.7.4. Consider a structured problem in the class SP(my,0¢,65,L,5). Assume
additionally that L(-) = L >0, 05y =65 =0, and 6(y,x) = % ly — z||? for p€[1,2), M > 0.
Then, the modified method of Method II for the problem with N\, = (k + 1)/2 and B = 0
generates a sequence {Zy}r>0 C Q satisfying

2LDiam(Q)?  2°t!MDiam(Q)”

(4.7.7)

for every k > 0.

“As is indicated in [45], an obvious upper bound of d(z*) can be obtained if V f(z*) = 0 and we know M

for the weakly smooth problems (f € F5; '(Q)) in the Euclidean setting d(z) = 2z - 0|2 : The inequality

d(z*) < %(%)2/(2_@ follows since we have % [|zo — 2*||5 < f(zo) — f(z*) < % lzo — x*||§ (recall the strong

convexity and (4.2.6)).
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Proof. Theorem 4.4.2 yields that f(Z) — f(z*) < C/Sk with Sy, = (k+1)(k +2)/4 and

. M
Cp = Z ( ||iﬁi—$i||2+p||i@i—$z‘||p>

Sy M N )
= 35 Il =z +*Sp pllwi = ziall

(see Remark 4.4.3). Using the inequality (4.5.9) and

k . k

NP 1 141 1 1
i < 1 —  (k+2)3
Zsfl 22—0; (i +2)p~t = 22p ;Wr s = r(3 - p)( *2)

(the first and the second inequalities are due to ¢ + 1 < i + 2 and the fact Zfzo(i +1)7 <
(k4 2)114 for ¢ > 0, respectively), we conclude that

1+q
. C, _ 2LDiam(Q)?> 2°MDiam(Q)” (k + 2)*>~
) — fla) < S < 2DRMQ) e
Sk kE+4 p(3—=p) E+1
The estimate (4.7.7) now follows from k—il s +2 for k > 0. O

Remark 4.7.5. We can also obtain the estimate (4.7.7) for the classical CGM arranged for
the class SP(my,0,0,L,d) with affine my(y;-)’s (refer Remark 4.4.3). In fact, taking the
initial point zo € Argmin,cqgmys(r_1;x) for an arbitrary x_; € Q, the (arranged) classical

CGM admits the estimate (4.4.6). Then, using f(xg) — f(z*) < f($0) mf(z 15 ) (4'%'6)
LDiam(Q)2 + %Diam(@)ﬂ and 0(zp_1,2k) = * ka — 21| (3.2. 19) ka el <
Aj 5 Dlam(Q)p for k > 1, we arrive at
1 ka2 LY
f@r) = f@") < o S, ( Diam(Q Z gl + Dlam Z; Ai )

Hence, as the same way as the proof of Theorem 4.7.4, the estimate (4.7.7) holds when
Ap = % (namely, 7, = £ +3) This result in the case L = 0 is very similar to a known result
for the classical CGM (see [14, Proposition 1.1] and [55]). O

Notice that the choice \y = (k + 1)/2 and Sy = 0 are independent of L, M, and p.
Theorem 4.7.4 applied to the weakly smooth problem min,cq f(x), f € F;;(Q), v € (0,1]
ensures the convergence

22+VMDiam(Q)l+u

J@) = 1@ < e e+ 27

vk > 0.

Therefore, we obtain an e-solution whenever

22+ MDiam(Q) 7\ ¥
ktzz ( 14+v)(2-v)e >
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which matches the known iteration complexity (2.4.8) of the classical CGM for weakly smooth
problems. Recall that this is optimal for the smooth problems (v = 1) in view of the linear
optimization oracle [35] and nearly optimal for the weakly smooth problems (cf. Section 2.4).

When we employ the EMD model (4.3.7) or the DA model (4.3.8) in Theorem 4.7.4, the
obtained CGMs match particular cases of Lan’s CGMs as mentioned in Example 4.3.4 (1).
Since the convergence rates for Lan’s CGMs was analyzed only for smooth problems in [35],
our result provides a generalization of them for the weakly smooth problems.
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Chapter 5

Conclusion and Further Remarks

In this thesis, we proposed Methods I and II based on Properties A and B as a unify-
ing framework of subgradient-based methods for ‘structured’ convex optimization problems,
namely, for the non-smooth and the structured problems introduced in Section 4.2.2. We
demonstrated a general scheme of construction of PGMs and CGMs where some particular
instances yield existing methods. Our analysis was performed in a unified way and derived
optimal complexity results of the PGMs and nearly optimal one of the CGMs for various
classes of convex optimization problems.

Our unification comes essentially from Property A (and B). In the next section, we observe
a connection between Property A and Nesterov’s estimate sequence technique [48, 49]. This
connection, perhaps, enrich the understanding of Property A.

We finally discuss further considerable research directions based on our unifying frame-
work in Section 5.2.

5.1 Relation to Nesterov’s estimate sequence

Nesterov’s estimate sequence approach [48, 49] is a powerful methodology to construct efficient
PGMs especially for the smooth problems (see also [2, 4] for related or extensive works). A
variant of this approach [50, 53], based on the relation (Ry), was exploited in this thesis. Here
we observe that Property A is closely related to the Nesterov’s estimate sequence framework.
Consider a convex optimization problem mingeq f(z) (It will be helpful to consider
the smooth problems so that ms(y;z) = f(y) + (Vf(y),x —y) + 07&(y,x)). For a se-
quence of (auxiliary) functions {®(x)}r>0 and positive real numbers {1} } >0, the sequence
{(®x(2), Ti) } k>0 is called an estimate sequence [49, Definition 2.2.1] if T}, — 0 and

Op,(z) < (1 —Tp)f(z) + Tp®o(z), Yz € E, Yk > 0. (5.1.1)

For a sequence {¢y(x)}r>0 of (auxiliary) functions, let us consider Property A to deal with
a relation to the estimate sequence. For simplicity, we consider weight parameters {\g}r>0
and scaling parameters {fj};>_1 such that

=1 B =1

Given weight parameters {\; }r>0, denote 7 := Agy1/Sk+1, To =1, Tj := Hf;ol(l —7;) and
D (x) := ¢r(x)/Sk. Then we have 1 — 7, = Si./Sk+1 and T}, = 1/Sy because of the recurrence
(1 —71)/Sk =1/Sk+1.

We observe that, for the sequence {(®y(x),Tx)} = {(¢x(z)/Sk, 1/Sk)}, the condition (A3)
is closely related to the estimate sequence (5.1.1) and the condition (A2) is connected to the
formula of the construction of estimate sequences.
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5.1 Relation to Nesterov’s estimate sequence

The DA update (4.3.3), namely, ¢_1(z) = f_1d(x), r+1(2) = @p(@) + A pr1mp(Tpr1; )+
Br+1d(z) — Prd(x), is now equivalent to

Qo(z) = my(vo;z) + d(x),
q)kJrl(JI) = (1—Tk)@k(x)+TkTTlf($k+1;$).

The update formula corresponds to the Nesterov’s construction (see eq.(2.2.3) in [49]) of
estimate sequence. Moreover, the EMD update (4.3.7), namely, ¢_1(z) = f_1l4(2_1;2),
Ort1(x) = @r(2k) + Apr1mp(Tp41; ) + Prrrd(x) — Brla(zr; ) + Spo p€(zk, ) can be rewritten
as

Po(x) = my(xo;x) +&(2-1,2), (5.1.2)
Qpp1(z) = (1 —71)Pp(zr) + emyp(pyr; ) + (Tpgr + (1 — 7)o p)E (2, )
= (1= 7m)[®Pr(2k) + & (2k, 2)] + Tiemp(wpr152), =Tk + 0y,

which resembles with the second equation in [49, p.74] (observe further that v = (1 —
)Yk + Tro¢ holds). A relation between the condition (A2) and the estimate sequence can
be seen in a similar manner as the EMD case.

The relation (Ry) Sif(Zr) < mingeg ¢r(x) is equivalent to f(&x) < mingeg ®x(x) which
corresponds to [49, eq. (2.2.2)].

Let us finally see the condition (A3). We have

(43) b
Zréiél@’“(w) §3 ggg{;k;)\imf(wi;x)+Tk€d(2k;x)}
k
< 323{ . [Z)\z‘f(w)erf(%o;fﬂ) +de(zk;w)} (. fz) = my(y;z))
i=1

k .
= min {Zigl)\lf(x) + Ti[mg(2o; ) + La(2; w)]}

k

= ggg{(l—Tk)f(m)Jer[mf(xo;ﬂC) + La(zk; )]}

< min{(1 = T)f(x) + Tlmy (z0:2) + d(a)]}

< min{(1 —Ty)f(z) + T[ms(zo;x) + {(2-1,2)]} (. La(2—1,2) > 0,Vz € Q)
{( )f(x)

A
E.
=

where the last inequality follows from (A2) with & = —1 (cf. (5.1.2)). Consequently, (A3)
yields

in ® < min{(1 - T, Ty, ®
min k() < ;%13{( k)f (@) + TpPo(x)}
which is closely related to the definition (5.1.1) of the estimate sequence.

Our unified analysis taken in Section 4.4 was based on the Nesterov’s variant [50, 53] of

the estimate sequence. The crucial contribution in view of the unifying framework would be
Theorem 4.3.1 which allowed not only the DA model but also the EMD model to be handled
via Property A.
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Chapter 5 Conclusion and Further Remarks

5.2 Further research directions

The methodology used in our unifying framework could be a useful tool for further develop-
ment of subgradient-based methods. We show some considerable topics for further application
and research directions.

In general, the methodology in this thesis could be modified for other types of methods
or problems. For instance, one can examine to consider modifications of Property A (as well
as the definition of the structured problems, and so on) for such situations.

There are important classes of convex optimization problems which were not addressed in
this thesis. It could be interesting to consider the possibility of application of our methodology
to them.

e For instance, the PGMs proposed in [12, 25, 26, 33] addressed the stochastic optimiza-
tion, namely, the oracle has an inexactness in a stochastic manner, while this thesis
employed the deterministic setting. It will be interesting to examine the stochastic
setting in our unifying framework.

e Another example is the class of uniformly convex functions which is a generalization of
the strong convexity: f is said to be uniformly convex on ) with coefficient ¢ > 0 and
exponent 7 > 2 if

o _ _
flaz +(1—a)y) < af(z) + (1 -a)f(y) - —a(l —ajla’ (=)l -yl
for all z,y € @Q and a € [0,1]. See [62, Section 3.5] for an elegant treatment on uni-
formly convex functions. Some optimal PGMs [33, 45] are known using the multistage
procedure. The inexact oracle model [17] in the strongly convex case can also be applied

to the uniformly convex case giving nearly optimal PGMs.

e The smoothable functions investigated by Nesterov [50] is an important class of (non-
smooth) convex functions which can be efficiently minimized via the so called smoothing
technique. According to an extensive study by Beck and Teboulle [9], Method II applied
for the smooth problems belongs to the class of fast iterative methods, so that it can be
used to construct smoothing-based first-order methods.

For the weakly smooth problems (f € F},(Q)), the obtained convergence results (Theo-
rems 4.7.2 and 4.7.3) may be less practical since we will need to know M, v, and oy € o(f)
in advance. In fact, there are adaptive PGMs [36, 54, 61] in the non strongly convex case.
An adaptive approach for parameters (M, v, o) in the strongly convex case will valuable for
future study. For instance, one can examine various choices of weight and scaling parameters
tuning the general bound in Theorems 4.4.1 and 4.4.2. The presented choices shown in our
convergence results are just examples to ensure the optimality.

Some approaches for PGMs which were not employed in this thesis could be useful to
improve practicality. For instance, we did not discuss about the so called backtracking or line
search procedure [7, 47, 53, 54]. For smooth problems (f € }%(Q)), this procedure can adapt
(unknown) Lipschitz constant L. For weakly smooth problems (f € F},(Q)), we can also
expect to adapt parameters (M, v) as the Nesterov’s universal gradient method [54]. Another
considerable approach is the multistage or restarting procedure [33, 45, 47, 53]. This is useful
to construct optimal complexity methods in the strongly or the uniformly convex case.

The gradient sliding technique [37, 39, 40] for convex optimization problems, say,
mingcg{ f(x) = g(x)+h(z)}, enables to reduce the iteration complexity by distinguishing the
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5.2  Further research directions

call of two oracles for g(z) and h(x) instead of the one for f(z). Recall that the complexity
result in Section 4.7 holds in particular for the mixed smoothness structure (that is, g € F i (Q)
and h € F},(Q)). It can be considered the gradient sliding technique for our methods in this
case.
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Chapter 6

Appendix

6.1 Lemmas for the proof of Theorem 4.6.4

In order to complete the proof of Theorem 4.6.4, we need to estimate upper bounds of 1/Sj,
and Zf:o S;/ Sy, for the sequence {\;}r>o defined by (4.6.4):

of0q

No=1, X\ Sp—"——
0 s Np4+1 — <+ L

— 004

) <)\k+1 + Sk) (k > 0).

Since Ap11 = Ski1— Sk, writing r := ~L74 > (), the sequence {Sk } x>0 is determined by the
+ + = 1= 04
recurrence
So=1, (Spi1—Sk)? =Sk (14+7Sy), k>0 (6.1.1)

where the root of the equation in S takes the largest one, namely,

L+ 2+ 7)Sk+1/(1+ (2+7)8)2 — 457
Spi1 = 5 . (6.1.2)

The essentials of lemmas below are the same as [17, Lemma 4-7] excepting the replacement
of u/L in the article by an arbitrary r > 0.

Lemma A.1. For any sequence {Sk}r>0 defined by (6.1.1) for r > 0, we have

1 4 2 k
— < min , , Vk>0.
Sk {(k+1)(k+4) <2+7"—|—\/7“2—|—4r> }

Proof. Since Siy1 > Sk, we have

Sk+1 — Sk Sk41 = Sk (6.1.1)
Skl — Sk = > \/l—i-TSk (6.1.3)
i VOk+1 + VS 24/ Skt

which shows /Sy > % + /Sy = @ for all £ > 0. Then, we have

k—1 k— k— k—
(6.1.1) i+3  k(k+5
Sk~ S0 =3 (Si1 —5) ' zmzz .y t3_kkrd)
i=0 =0 i=0 i=0
which gives S > So + (k+5) (k +1)4(k+4). On the other hand, using (6.1.2) yields that

2
Sk1 _ 5k+2+r+\/< +(2+T)> _4> 24+r+/@2+r)?2 -4 24r4+Vr24dr

S 2 - 2 N 2

(6.1.4)
k k
for all £ > 0. Hence, we have S, > Sy (2+T+7 W) = (2+T+7 V27"2+4T> . O
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. 2 . .
Remark . The linear convergence factor T the above lemma satisfies
)
11—/ r <1 + = f )
7"+1 2—}—1"—1—\/7‘2—1—41"
In fact, since
-1
r Vr+1 (VT 2+ 2r +V4r2 + 4r
(]‘ - > r+ ( r+1+ f) ’
r+1) Vel 2
we obtain
2 2—1—7“/24—\/ 2+r+\/r2+4r 24 2r + V4Ar? + 4r O\
1+ - f < =(1- :
2 2 2 r+1
Note that if 6y = oy and r = , then /55 = T O

Lemma A.2. The sequence {Si}r>0 defined by (6.1.1) for r > 0 satisfies

k ) -1
Zi§051§1+\/12+4r §1+\F7 vE > 0.
k T

Proof. Notice that ~ 1= H4vitdr— Vl;'W satisfies

(1 1)‘1 v VIHArT Rl (V14T )2 24 V2 dr
Y =1 Vitdr -1 4r—1 2 '

~
Therefore, we obtain Sf-ku <1- % by (6.1.4). Now the result follows by induction: If

Z?:o S;/ Sk <~ holds for some k > 0, we have

Sido Sty Sk XieSi
Sk+1 Sk+1 Sk -

—1
Y

This proves the first inequality; the second can be verified from v1 +4r—1 <1+ 2Vr~-1. O
2vr—1

Note that the result of Lemma A.2 is the same as [17, Lemma 5] because 1+ TiiiTd =
14+v144r—1
2 .

Lemma A.3. Let {Sk}i>0 be defined as Lemma A.2 and {1} }r>o be defined by (6.1.1) with
r:=0, namely Ty :=1 and Ty, = % V1T for k > 0. Then, we have

k , k ,
Zi:o S”L S Zi:OT17 Vk Z 0.
Sk Ty

Proof. Due to the identity

k—1 k—1k—1
Yoo Si Si S;
R E DN A N | = Y}
Sk i=0 Sk i=0 j—i Sj+1

80



6.1 Lemmas for the proof of Theorem 4.6.4

it is enough to show that Sf J’“r - <7

2
s ¢(> g, hrre(Ee2)
k+1: k+1: (615)
S, T 2 D

which suggests us to prove 1”3’@ > 1 for k: > 0. It is true for k = 0 by Sy = Tp. If it holds

for k > 0, then, writing o := I?Sk > ,8 , we obtain
k

14 7Skt S 1+7rSy Sk (6.15)

2a
= o =
Sk+1 = Sk Sk+1 a+24+4/(a+2)2—4

273 615 Tp , 1
B+2++/(B+2)?2—-4 Tt Tt
: 2z _ 2 : _ :
since Ski11 > S and = — YOy ey R Ve W Ew is non-decreasing on (0, 00).
Hence, we claim % > Tik for all £k > 0 and therefore the proof is completed. O

Lemma A.4. Let {T}}r>0 be a sequence defined by (6.1.1) with r := 0, namely,

14 2Ty + /1 + 415,
2

TO = 1, Tk+1 = (k’ Z O)
Define {ti}r>0 by to := 1 and tg+1 := Ty1 — Tj for k> 0. Then, the followings hold.

2
(i) 2 =5F i =Ty and ty 1y = % hold for k> 0.

(i) We have

2 k+1)(k+4 2 1
kit < (k£ Dk + )Stkgki—kflog(k—kl), Yk > 0.
2 2 2 4
(iii) We have
SEOT 1, 1
= < -k+=log(k+2)+1 k> 0.
T, _3+60g(+)+,v_0

Proof. (i) The definition of t; yields T} = Zf:o t;. The recurrence relation of 7T}, implies
t% = (Tk — Tk_l)Q = Tk and

2
©612) 1+ /T4, 1+/1+4t
thr1 = Ty — Tk L2 5 L 5 , Vk=>0.

(ii) Lemma A.1 yields t; = /T, > /(k + 1)(k +4)/4 > (k+2)/2 for k > 0. The right hand
side for k = 0 is obvious. Analyzing the difference tj 1 — t; shows for & > 0 that

1+\/1+4t%*2tk 1 1 1 1 1 1
U1 —tk = =—-+ < -4+ =4 .
2 2 9 (,/1+4tz+2tk) 2 2( 4t§+2tk) 2 8t
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Therefore, we obtain

k+1 1’“1

k1 <tlo+——+2 ) —

k
i3 titiny

i=0 =0

w\w

k 1

m\w
Oo\»—t

for all £ > 0.

(iii) The case k = 0 is obvious. Assume that the assertion is true for some k£ > 0. Putting
Up := tk + £ log(k + 2) + 1, we have

k41 koo
Zz 0 T 1+ T]f ZiZOT’l S 1+ Tk Uk:
Tri1 Te1 Ty Tit1

Hence, it remains to show 1 + T < Ugyq for k> 0. In fact, (ii) concludes that

| o

U, 3U, t2 T,
k k > 20 >ty = k+1 k+1

1+ U,— Uk 2+ 1 log ’,313 2 tipr  Thpr — i

Taking the inverse and multiplying by U} for both sides yield 1 + T < Ugq1. U
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